Mathematica 11.3 Integration Test Results

Test results for the 541 problems in "7.1.4a (f x)"m (d+c”2 d x"2)"p
(a+b arcsinh(c x))*n.m"

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JXB (a+bArcsinh[cx])
dx

d+c?dx?

Optimal (type 4, 135leaves, 8steps):
bxV1+c2x2 bArcSinh[cx] X? (a+bArcSinh[cx]) (a+bAr‘cSinh[cx])2

+ + + -

4c3d 4c*d 2c%d 2bc*d
(a+bArcsinh[cx]) Log[1+e?Aresinhiex] | ppolylog|2, —e2Arcsinhicx] |

ctd 2c*d
Result (type 4, 286 leaves):

2ac?x?-bcxA/1+c?>x? +bArcSinh[cx] -4 i brArcSinh[c x] +2b c?x? ArcSinh[c x] -

4ctd
2bArcSinh[cx]?+2iblog[l-i e siMMicx]| _4pArcSinh[cx] Log[1 - i e Aresinhlex]] _
2ibrlog[l+ie rsinhiex]] _4pArcSinh[cx] Log[1+i e Aresimhlex] ]

8ibLog[l+erresiniex)] 23 Log[1+c?x?| +21‘1berog[—Cos[1 (m+2iArcSinh[cx])]] -
4
1 1
81 b Log[Cosh[ = ArcSinh[cx]|]-2ibrlog[Sin[~ (m+2iArcSinh[cx])]]+
2 4

4bPolylog[2, -1 e rsinhiex]] . 4ppolylog|2, i e Aresinhicx]]

Problem 30: Result more than twice size of optimal antiderivative.

sz (a+bArcSinh[cx]) 5
X

d+c2dx?

Optimal (type 4, 108 leaves, 8 steps):

bvV1+c*x2 x(a+bArcSinh[cx]) 2 (a+bArcSinh[cx])ArcTan [eAresinhicx ]
) c3d ' c2d B 3d

i bPolylLog[2, -1 efresinhicx] ] bPpolylog|2, i eAresinhicx]]

+

c3d c3d

Result (type 4, 219leaves):
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1
S (2acx—2bﬂ1+c2x2 +brArcSinh[c x] +2b c xArcSinh[c x] -
2c°d

2aArcTan[cx] +blog[1l-1ieA"simhiexI] 2} b ArcSinh[cx] Log[1 - i e Aresinhlex]]
bt Log[l + f e-ArcSinh[cx] } -21bArcSinh[c x] Log[l 4+ @-Arcsinh(c x]] _

b]rLog[—Cos[1 (7+2iArcsinh[cx])]] —b]rLog[Sin[1 (m+2iArcSinh[cx])]] +
4 4

2ibPolylog[2, -i e rimicxl] _2 i bpolylog|2, i e Aresinhlcx]|

Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bArcsinh[cx]) 4
X

d+c?dx?

Optimal (type 4, 73 leaves, 5steps):

(a+bArcSinh[cx])? (a+bArcSinh[cx]) Log[1+e2ArSinhicx] ] ppolylog|2, -e?Arcsinhicx] ]
- + +

2bc2d c2d

2c?d
Result (type 4, 238 leaves):
1
2c?d
2bArcSinh[cx] Log[1 -1 e Asimiex)] . j brlog[1+ 1 e Aresinhiex) ] 4

2i bArcSinh[cx] + bArcSinh[cx]? - ibrLog[l- i e resinhlex]

2bArcSinh[cx] Log[1+ i e ArSimMexI] _ 44 b Log[1 + efresinhiex]]

alog|1+c?x? 7jb7rLog[7Cos[l (m+2iArcSinh[cx])]] +
4

. 1 . . .1 . .
41anog{Cosh[;Ar‘cSmh[cx]] +ibrLlog[sin| = (m+2iArcSinhcx])]] -
4

2bPolylog|2, -ieAresinlexl] 2 b polyLog|2, i e Aresinnicex] ]

Problem 32: Result more than twice size of optimal antiderivative.
ja +b ArcSinh[c x]

d+c2dx?

dx

Optimal (type 4, 70leaves, 6 steps):

2 (a+bArcSinh[cx]) ArcTan[eAresinhicx] |

cd

ibPolylLog[2, - i efresinhicx]] b polylog|2, i eAresinhicx]]
+

cd cd

Result (type 4, 189 leaves):
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- b ArcSinh[cx] -2aArcTan[c x] +brLog[1 - i e A"SiMMiexI] 1 3§ b ArcSinh[c x]
2cd
Log[1-i e Aresimhlcx] i prLog[1+ i e resinlex]] _ 24 bArcSinh[cx] Log[1+ i e Aresinhlex]]

1 1
brLog[-Cos[~ (m+2iArcSinh[cx])]] -brLog[Sin[~ (r+2iArcSinh[cx])]|] +
4 4

2i bPolylog |2, -1ieA"siMicxl] 2 bpPolylog|2, i e Aresinicx]]

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ja +bArcSinh[c x]
X

x (d+c?dx?)

Optimal (type 4, 61 leaves, 7 steps):
2 (a+bArcSinh[cx]) ArcTanh [@2Arcsinhicx] ]

d

b PolyLog [2, _ @2Arcsinh[cx] ] b PolyLog {2, @2 Arcsinh[cx] }
+

2d 2d

Result (type 4, 264 leaves):

1 . .
- —— |2ibrArcSinh[cx] - 2bArcSinh[cx] Log[1 - e 2ArsinhiexI] _j prlog[1 - i e Aresinhlex]]
2d

2bArcSinh[cx] Log [1 _ j @ Arcsinh[cx] ] +1bslLog [1 + i @ Arcsinh[cx] ] +
2bArcSinh[cx] Log[1l+ i e A"iMMIcxI] 4 brLog 1+ eAresinhlex] |

2alog[x] +alog[l+c?x?] 7I'Lb7TLOg[7COS[1 (7+2iArcSinh[cx])]] +

4
1 1
41 bﬂLog[Cosh[;Ar‘cSinh[c x]]]+1 anog[Sin[Z (m+2iArcSinh[cx])]] +
b POlyLOg [2, (e—ZAr‘cSinh[c x] ] _2b PolyLog [2) i e—Ar‘cSinh[c x] ] _2b PolyLog [2, i (e—Ar‘cSinh[c X] ]

Problem 34: Result more than twice size of optimal antiderivative.

ja +b ArcSinh[c x]
X

x2 (d+c2dx2)

Optimal (type 4, 101 leaves, 10 steps):

a+bArcSinh[cx] 2c (a+bArcSinh[cx]) ArcTan [ @Aresinhlex] ]

d x d
bcArcTanh[v/1+c2x2 | ibcPolylog|2, -ieA"Sinhicx]|  j bcPolylog|2, i efresinhicx] |
N _
d d d

Result (type 4, 248 leaves):
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1
2dx

2a+2bArcSinh[cx] -bcnxArcSinh[cx] +2acxArcTan[c X] —bcnxLog[l— i e‘A"CSi”h[CX]] -

. —ArcSinh[c x]

21ibcxArcSinh[c x] LOg[l—Jl(E ]—bCﬂXLOg[1+]i(e +

—-ArcSinh[c x] }

2ibcxArcSinh[cx] Log[1+i e reimiexl] _2bcxlog[x] +2bcxlog[l+/1+c2x? |+

1 1
crxtLog|-Cos|— (7T+21Arcsinn|cXx +DCTXLOg|>1Nn| — (/T+ 21 Arcsinn|cx -
b Log[-Cos|[~ (m+2iArcSinh{cx])]|]|+b Log[Sin|[~ (m+2iArcSinh[cx])]]
4 4

2ibcxPolylog|2, -i e "simhiexI] 2 bcxPolylog|2, i e Arcsinhiex]] )

Problem 35: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2)

Optimal (type 4, 113 leaves, 9steps):
bcvVi+c2x? a+bArcSinh[cx] 2c? (a+bArcSinh[cx]) ArcTanh|e2Aresinhicx] ]

- + +

2dx 2dx? d
b c2 PolylLog [2, _ @2ArcSinh[cx] } b c2 PolyLog {2) @2 Arcsinh[cx] ]

2d 2d

Result (type 4, 344 leaves):
1 (a bcvl+c?x?

2d | x2 X

b ArcSinh[c x]

-21ibc?mArcSinh[cx] +

+2bc?ArcSinh[cx] Log[1 - e 2Aresinhiex] |

N

XZ
ibc?rLlog|l-i e resinticx]] 2 b2 ArcSinh[cx] Log[1 - i e Aresinhlex] ]
ibc?nlog[l+ie”resinhiexi] _2pc? ArcSinh[cx] Log[1 + i e Aresinhlex]]

41ibc?rlog|l+efresinhiex] 23 c?log[x] -ac?Llog[l+c?x?] +

. 1 . . , 1 .

ibc?rlog[-Cos[~ (m+2iArcSinh[cx])]] -41ibc?rLog[Cosh[ = ArcSinh[cx]]] -

4 2

i bc27TLog[Sin[1 (m+21iArcSinh[cx])|] -bc?Polylog[2, e 2Aresinhlex]]
4

2bc?PolyLog [2, _j @ Arcsinh[cx] ] +2bc?PolylLog [2, j @ Arcsinh[cx] ]

Problem 36: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x4 (d+c2dx2)

Optimal (type 4, 156 leaves, 15 steps):
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bcvV1i+c2x2 a+bArcSinh[cx] ¢ (a+bArcSinh[cx])

- - + +
6 dx? 3dx3 dx
2c3 (a+bArcSinh[cx]) ArcTan|efresinhiex] | 7p 3 ArcTanh [m}
d + 6 d _
ibc?Polylog|2, - i eAresinhiex] | j b c3 polylog[2, i eAresinhicx] ]|
+
d d

Result (type 4, 337 leaves):

- ; (2a76ac2x2+bcxwl+c2x2 +2bArcSinh[cx] - 6bc?x?ArcSinh[cx] +
6dXx

3bc® nx® ArcSinh[cx] -6ac®x® ArcTan[cx] +3b c® x® Log[1 - i e Aresinniex) |
61ibc® x> ArcSinh[cx] Log[1 - i e Aresinlex] ] 3bc3 rx® Log[1+ 1 e Aresinhiex) ]
6ibc®x’ArcSinh[cx] Log[1+1i e Aresinniexl] 4 7h 3 x3 Log[x] -

7bcxPLogl+a/1+c2x? | 73bc3nx3Log[7Cos[1 (m+2iArcSinh[cx])]] -
4

3bc? X3 Log[sin[1 (m+2iArcSinh[cx])]] +
4

61ibc® x> Polylog|2, -i e rsimticxl] _6 i bc®x® Polylog|2, i e Aresinhicx] ]

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

st (a+bArcsinh[cx]) 5
X

(d+c2dx2)2

Optimal (type 4, 145leaves, 8 steps):
b x bArcSinh[cx] x* (a+bArcSinh[cx]) (a+bArcSinh[c x})2

- + - - +
23 d2 V1l 2ctd? 2c2d? (1+c2x?) 2bctd?
(a+bArcSinh[cx]) Log[1+e?Aresinhicx] ] ppolylog|2, -e2Arcsinhicx] |

+

c4d? 2 c*d?

Result (type 4, 291 leaves):

| 5
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1
2d?
a +aLog[1+c2x2] . 1 b _m—iAr‘cSinh[cx] . mﬂiAr‘CSinh[cx] .
c* + b x? ct 2ct i+cx i-cx
4 i sArcSinh[cx] +2ArcSinh[cx]?+ (-2 17+ 4ArcSinh[cx]) Log[1- i e Aresinhiex] ],

(2i7+4ArcSinh[cx]) Log [1+ 1 e Aresinhiex]] _

8i s Log[1 + etresinhicx] | —ZjﬁLog[—Cos[l (7+21iArcSinh[cx])]] +
4

1
8 i st Log|Cosh| = ArcSinh[cx] || +2 i Log[Sin|

(m+2iArcSinh[cx])]] -
2

|

Problem 39: Result more than twice size of optimal antiderivative.

FNQRPN

4 PolylLog [2, _ i @ ArcSinh[cx] ] -4 PolylLog [2’ i @-Arcsinh[cx] }

sz (a+bArcsinh[cx]) 5
X

(d+c?dx?) 2
Optimal (type 4, 127 leaves, 8 steps):

b x (a+bArcSinh[cx]) (a+bArcSinh[cx]) ArcTan|eAresinhicx] |
- +

2c3d2/1+c2x? 2c2d? (1+c2x?) c3 d?
ibPolyLog[2, -1 efresinhicx] ] bpolylog|2, i eAresinhicx]]
+

2c3d? 2c3d?
Result (type 4, 286 leaves):

1
2 d?
ax aArcTan[c x] 1 V1i+ce2x?  ivV1+c?x? . ArcSinh[c x]
- + + b - - ArcSinh[cx] + ———— -
c? + c*x? c3 2¢3 -1-icx i+cx

1-CX

ArcSinh[c x . .

Arconhlex] nlog(1 -1 e resinhiexl] _ 24 ArcSinh[c x] Log[1 - i e Aresinhlex]] _
1+cCX

mLog[1+ 1 e Aresinthicxl] 4 24 ArcSinh[c x] Log[1 + i e Aresinhlex]]

7rLog[—Cos[l (7+21iArcsinh[cx])]] errLog[Sin[1 (7m+21iArcSinh[cx])]] -
4 4

|

Problem 41: Result more than twice size of optimal antiderivative.
Ja+bAr‘cSinh[c x]
<d+C2dX2>2

2i Polylog[2, i e Aresinhiex] 1 2 j polylog|2, i e Aresinhicx]]

dx

Optimal (type 4, 124 leaves, 8steps):



Mathematica 11.3 Integration Test Results for 7.1.4a (f x)"m (d+c~2 d x~2)~p (a+b arcsinh(c x))”~n.nb | 7

b x (a+bArcSinh[cx]) (a+bArcSinh[cx]) ArcTan|eAresinhicx] ]
+ +
2cd?/1+c2x? 2d? (1+c2x?) c d?

ibPolyLog[2, -iefresinhicx] | j bPolylog|2, i eAresinhicx]]
+

2 c d? 2 ¢ d?

Result (type 4, 323 leaves):

1 ax aArcTan[c Xx]
—_— + +
2d? | 1+c?x? c
1 b ivVi+c2x2  ivV1+c2x2  sArcSinh[cx] ArcSinh[cx] ArcSinh[cx]
- + - + +
2 ic-c?x ic+c?x c ¢ (-i+cx) ic+c?x

mlog[1- i eAresinhlex] ] 24 ArcSinh[c x] Log[1 - i e Aresinhicx] |

C C
nlog|1+ i eAresinhiex] ] 2§ ArcSinh[cx] Log[1 + i e Aresinhicx] ]
+ +
C C

7rLog[—Cos[‘17t (7+21iArcSinh[cx])]] nLog[Sin[i (m+21iArcSinh[cx])]]
. _
c c

2i Polylog[2, -1 e Aresinhicx] | 2 polylog[2, i e Arcsinhicx] | J ]

+
C C

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ja +b ArcSinh[c x]
X

X (d+c2dx2)2

Optimal (type 4, 110leaves, 9steps):

b c x a+bArcSinh[cx] 2 (a+bArcSinh[cx]) ArcTanh]|e2Arcsinhicx]]
_2d2m+ 2 d? <1+C2X2) B d2 -
b PolyLog [2, _ @2Arcsinh[cx] ] b PolyLog {2) @2Arcsinh[cx] }
24d? ' 2 2

Result (type 4, 367 leaves):
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1 2a bvi+c2x2 by1l+c2x? , . i b ArcSinh[c x]
+ - -4 1ibrArcSinh[cx] + +
4d? |1+c?x? i-cx i+cx i-cx

1 bArcSinh[c x]

+4bArcSinh[cx] Log[1 - e 2ArSinhlex] ]\ o prLog[1 - i e Aresinhlex]] _
i+cCX

4bArcSinh[cx] Log[1-i e resinlcx]] _2 4 brlog[l+1 e resinniex)]

4bArcSinh[cx] Log|[1+ i e AresiniexI] , g 4 brLog|l+etresinniex]]

4alog(x] -2alog[l+c?x?] JrZJ'lberog[—Cos[l (7+21iArcSinh[cx])]] -
4

1
81 b Log|[Cosh[ = ArcSinh[cx] || -2iblog[Sin[~ (m+2iArcSinh[cx])]] -
2

IS

2bPolylog[2, e 2Aresinhicx) | 4 4 b polylog|2, -i e A"*iMex]] + 4bPolyLlog|[2, i e Aresinnicx] ]

Problem 43: Result more than twice size of optimal antiderivative.

Ja +b ArcSinh[c x]
X

x2 <d+c2dx2>2

Optimal (type 4, 168 leaves, 13 steps):

bc a+bArcSinh[cx] 3c?x (a+bArcSinh[cx])
2d2V1+ 2 X2 d?x (1+c2x?) 2d? (1+c2x?)
3c (a+bArcSinhfcx]) ArcTan[eAresinhiex] | b c ArcTanh [v/1+c2x? |
- +
d2 d2

3ibcPolylog|2, -1iefresinhicx]] 3 b cPolylog[2, i eAresinhicx] ]

2 d? 2 d?

Result (type 4, 348 leaves):

1 [(4a 2ac®’x ibcvVi+c?x? ibcvVi1+c?2x? . 4 b ArcSinh[c x]
-— | —+ + + -3bcmArcSinh[c x] + +
4d2 | x 1+c?x? i-cx i+cX X
b c ArcSinh[c x b c ArcSinh[c x .
[ 1+ : J+6acAr‘cTan[cx]—3banog[1—Jle‘A'“csmh[“‘]]—
-1+cCX i+CX

6 ibcArcSinh[cx] Log[1-i e Aresinhiex]] _3pcirlog|l+ieAresinhlex]]
6ibcArcSinh[cx] Log[l+i e resimhicx]] _abclog(x] +4bclog[l+~/1+c2x? ]+

1
3bclog[-Cos|[~ (n+2iArcSinh[cx])]|]|+3bcrLog[Sin|

(m+2iArcSinh[cx])]] -
4

FNQRIN

6 ibcPolylog[2, -i e AsiMicxI] ;6 bcPolylog|2, i e resinhicx]]
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Problem 44: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2>2

Optimal (type 4, 146 leaves, 12 steps):
bc c? (a+bArcSinh[cx])
BN d? (1+c2x2)
a+bArcSinh[cx] 4c? (a+bArcSinh[cx]) ArcTanh [ @2Arcsinhlcx] |

2.d? x? <1+c2x2) " d?

+

b c2 PolyLog [2) _ @2Arcsinh[cx] } b c2 PolyLog [2) @2Arcsinh[cx] ]

d2 d2

Result (type 4, 420leaves):
1 a ac? b c? (\/1+c2x2 —JiAr'cSinh[cx}) b c? (\/1+c2x2 +iAr‘cSinh[cx])

_ - — + + +
2 d? x2 1+c2x? 2i+2cx -2i+2cx

b (cxx/1+c2 x% +ArcSinh|[c x])
41ibc?nArcSinh[cx] +2bc?ArcSinh[cx]? - ; -
X
2b c? ArcSinh[cx] (ArcSinh[cx] +2 Log[1 - e 2Aresinhiexi])
bc® (-2im+4ArcSinh[cx]) Log[1- i eAresinhlex]]
bc? (2im+4ArcSinh[cx]) Log[1+i e Aresinhlex]] _
ArcSinh[c x] }

8ibc?rlog[l+e -4ac?log[x] +2ac’Log[1l+c?x?] -

2]'1bc27rLog[—Cos[l (JT+211Ar‘cSinh[cx])H +8j1bc27rLog[Cosh[lAr‘cSinh[cx]}] +
4 2

21‘1bc27rLog[Sin[1 (m+2iArcSinh[cx])]] +2bc?Polylog|2, e 2Aresinniex]] _
4

4bc?Polylog|2, -i e resinniexl | _apc?polylog|2, i e Aresinnicx] ]

Problem 50: Result more than twice size of optimal antiderivative.

a+bArcSinh[cx]
J dx

<d+c2dx2)3

Optimal (type 4, 178 leaves, 10 steps):

| 9
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b 3b x (a+bArcSinh[cx])

+

N
12cd (1+c2x2)%? ged3/1+2x? 4d3 (1+c2x?)?

3x (a+bArcSinh[cx]) 3 (a+bArcSinh[cx]) ArcTan|eArcsinhicx] ]
. _

8d> (1+c?x?) 4cd?

3ibPolylog|[2, -i eArcsinhiexl | 3 bPpolylog|2, i eAresinhicx]]
+
8cd? 8cd3

Result (type 4, 403 leaves):
1 12ax 18ax ib(-2i+cx)Vi+c?x?

48 d3 (1+c2x2)2+1+C2X2_ c(—j1+cx)2 '

ib(2i+cx)V1+c?x* 9brArcSinh[cx] 3ibArcSinh[cx] 3ibArcSinh[cx]

+

c<1‘1+cx)2 c c(—1'1+cx>2 c<1‘1+cx)2
9b (—i\/1+C2X2 +Ar‘cSinh[cx1) 9b (i\/1+C2X2 +Ar‘cSinh[cx1)
c(-i+cx) ¢ (i+cx) '

18 aArcTan[cx] 9b (m+2iArcSinh[cx]) Log[1- i e Arcsinhicx] ]

c c
9b (7-21iArcSinh[cx]) Log[1+ i e Arcsinhiex] ]

+
C

9b7rLog[—Cos[4l (7+2iArcSinh[cx])]] 9b7rLog[Sin[i (7 +2iArcSinh[cx])]]
N _
c c

18 i b PolylLog[2, -1 e Arcsinhicx] ] 18 b PolyLog[2, i e Arcsinhicx]]
+
c d

Problem 51: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

X (d+c2dx2)3

Optimal (type 4, 159 leaves, 12 steps):

bcx 2bcx a+bArcSinh[cx]
+ +

¢ (1+2x2)7 3@VIsaE  4d (1+c2x)?

a+bArcSinh[cx] 2 (a+bArcSinh[cx]) ArcTanh]|e2Arcsinhicx] ]

24 (1+c2x?) d3
b PolyLog [2) _ @2Arcsinh[cx] ] b PolyLog {2) @2 Arcsinh[cx] }
+
2 d3 2 d3

Result (type 4, 457 leaves):
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1 a 22 b(7211+cx) V1+c2x? b(21’1+cx) V1+c2x?
-— |- - + + +
4d> | (1+c2x?)? 1+ 12 (-i+cx)? 12 (i+cx)?

5b (\/1+c2x2 7]1Ar'cSinh[cx}) 5b (\/1+c2x2 +]‘1Ar'cSinh[cx])
+ +
41 +4cx -4i+4cx

b ArcSinh[cx] bArcSinh[c x]

41 b ArcSinh[cx] + +2bArcSinh[cx]? -

.
4(—Jl+cx)2 4(]’1+cx>2
2bArcSinh[cx] (ArcSinh[cx] +2 Log[1 - e 2Aresinhiexi])

2b (-im+2ArcSinh[cx]) Log[1- i eAresinhlex]]

b (2i+4ArcSinh[cx]) Log[1+i e Aresinhiex)] _g j brLog|1 + efresinhiex]]

4alog(x] +2alog[l+c?x?] —ZJ'LbJTLog[—Cos[1 (m+2iArcSinh[cx])]] +
a

1
81‘1bﬂLog[Cosh[;Ar‘cSinh[cmH +2ibrlog[sin[ = (m+2iArcSinh[cx])]]+

N

2bPolylog|2, e 2Aresinhlexl] _4ppolylog|2, -i e Arsinlex]] _4bPolylog[2, i e Aresinnicex]]

Problem 53: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2)3

Optimal (type 4, 232 leaves, 16 steps):

bc 5bc3x 2bc3x 3c2 (a+bArcSinh[cx])
_2d3x(1+c2x2>3/2_12d3 <1+c2x2)3/2+3d3m_ 4d® (1+c2x2)? )
a+bArcsinh[cx] 3c? (a+bArcSinh[cx]) . 6 c2 (a+bArcSinh[cx]) ArcTanh|e2Aresinhicx] | .
2d3x? (1+c2x2)? 2d® (1+c%x?) FE

3p c? PolyLog [2) _ @2Arcsinh[cx] } 3p 2 PolyLog [2’ @2Arcsinh[cx] }
2d3 2d3

Result (type 4, 543 leaves):
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1 2a ac? 4ac?
4d3 x2 (1+c2x2)2 1+c2x?
9bc? (x/1+c2x2 7]'1Ar‘cSinh[cx}) 9bc? (\/1+c2x2 +1’1Ar‘cSinh[cx])
. _
41 +4cCXx -4i+4cx

2b (cxx/1+c2x2 +Ar‘cSinh[cx]) b c? ((—2]’1+cx) V1+c2x? +3Ar‘cSinh[cx])
+
x? 12(—]‘1+cx)2

b c? ((2]’1+cx) V1+c?x? +3Ar‘cSinh[cx})
12 (i+cx)?
6bc? (ArcSinh[cx] (ArcSinh[cx] +2Log[1-e 2Arsinhiexl|) _polylog[2, e 2Aresinhiex)|)

+

-12ac?Log(x] +6ac’Log[l+c?x?| -

3bc? [3 i mArcSinh[cx] +ArcSinh[cx]?+ (21i 7 +4ArcSinh[cx]) Log[1+ i e Aresinhlexl] _

41 7Log |1+ etresinhiex] | —ZjﬂLog[—Cos[l (m+2iArcSinh[cx])]] +
a4
4jﬁLog[Cosh[lArcSinh[c x]|| -4PolyLog[2, -ieAresinhiexl ],
2

3bc? []l nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1 - i e Aresinhlex]] _

41ilog|l+etresinhiexi] a4 5 Log[Cosh[l ArcSinh[cx] || +
2

2ilog[Sin[~ (7 +21iArcSinh[cx])]] - 4Polylog[2, i e Aresinhlcx]]

IS

Problem 126: Unable to integrate problem.

Jx'" (d+c2dx2)5/2 (a+bArcsinh[cx]) dx

Optimal (type 5, 618 leaves, 9steps):
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15b c d? x2*"™+/d + c2 d x? 5bcd?x?™/d+c?2dx?

(2+m)2 (4+m) (6+m) VI+c2x?  (6+m) (8+6m+m?) /142X
bcd2x*M™~/d+c?dx? 5bc3d?x*"+/d+ c?dx>? 2bc3d?x*"+/d+c?dx?

(12+8m+m?) V1+c?x? (A+m)2 (6+m) \V1+c2x? (4+m) (6+m) \V1+c2x?
bc®d2x6m+/d+c2dx? 15d2x™+/d+c?dx?* (a+bArcSinh[cx])
N

+

(6+m2/1+c2x? (6+m) (8+6m+m?)

5dx" (d+c2dx?)*? (a+bArcSinh[cx]) x¥" (d+c?2dx?)>? (a+bArcSinh[cx])
+ +

(4+m) (6+m) 6+m

1 1+m 3+m
(15 d>x*"\[d+c?dx* (a+bArcSinh[cx]) Hypergeometric2Fi[~, 2R e xz})/
2 2 2
((6+m) (8+14m+7m?+m?) \/1+c*x?
m

m 3
(15bcd2 x> A/d+c?dx? Hyper‘geometr'icPFQ[{lJ 1+—,1+ f}, {7+
2 2

2
((1+m) <2+m)2 (A+m) (6+m)/1+c?x?

Result (type 8, 28 leaves):

jxm (d+c2dx2)5/2 (a+bArcSinh[cx]) dx

Problem 127: Unable to integrate problem.

JX"‘ (d+c2dx2)3/2 (a+bArcSinh[cx]) dx

Optimal (type 5, 390 leaves, 6 steps):

3bcdx?m+/d+c?dx? bcdx?m+d+c?dx? bc3dx*™d+c2dx?

- - +

(2+m)2(4+m) Vi+c?x?  (8+6m+m?) 1+ c?x? (4+m)2+/1+c2x?

3dxt"/d+c2dx? (a+bArcSinh[cx]) x¥" (d+c2dx?)>? (a+bArcSinh[cx])

+ +
8 +6m+m? 4+m
1 By B . . 1 1+m 3+m ) 2
(3dx*’"x/d+c dx> (a+bArcSinh[cx]) Hypergeometric2F1| -, s , —c2 X2 /
2 2 2

[(8+14m+7m2+m3) A/ 1+ c?x?
. m m 3
(I—Sbcdxz*m\/dJrczdx2 Hyper‘geometr'lcPFQ[{l, 1+ —,1+—}, {=+
2 2
((1+m) (2+m)2 (4 +m) \/1+C2X2)

Result (type 8, 28 leaves):

Jx"‘ (d+c2dx2)3’/2 (a+bArcsinh[cx]) dx

| 13



14 | Mathematica 11.3 Integration Test Results for 7.1.4a (f x)™"m (d+c~2 d x~2)~p (a+b arcsinh(c x))”~n.nb

Problem 128: Unable to integrate problem.
Jxr" \Jd+c*dx* (a+bArcSinh[cx]) dx

Optimal (type 5, 240 leaves, 3 steps):
bcx2m/d+c2dx2 x¥"/d+c2dx? <a+bAr‘cSinh[c x})
_ (2 + m) 2 1 e2x? ' 2+m
1+m 3+m

x¥M+[d+c?>dx® (a+bArcSinh[cx]) Hyper‘geometr‘icZFl[l, s , — 2%
2 2 2
(2+3m+m2) A1+ c?x? ) -
m m 3
(bcxz*rn \/d+c?dx* HypergeometricPFQ[{1, 1+ —, 1+ —}, {=+
2 2 2
((1+m) (2+m)2x/1+c2x2

Result (type 8, 28 leaves):

jxm \Jd+c?dx* (a+bArcSinh[cx]) dx

+

Problem 129: Unable to integrate problem.

Jx'" (a+bArcsinh[cx])
dx

Vd+c?dx?
Optimal (type 5, 161 leaves, 2 steps):

1 1+m 3+m
xX¥M[1+c?x* (a+bArcSinh[cx]) Hypergeometric2F1| =, , , — 2 x|

2 2 2
((1+m) Jdrcdse
(bcxz*’"\mHyper‘geometr‘icPFQHl, 1+ 5,1+ T}, {iJr
2 2
((2+3m+m2) Jdrctdxe

Result (type 9, 181 leaves):

1 1+m 3+m
(2‘2‘"‘ xTMA/1 4+ c? x? (22”“ (a Hypergeometric2F1[ —, s , —C2xP 4

2 2 2

2+m 3+m
b+/1+c2x? ArcSinh[cx] Hypergeometric2F1|1, s , —C2x?] | -
2 2

2+m  2+m
bc (1+m) /7 xGamma[1+m] HypergeometricPFQRegularized| {1, w2, }s

{ )/((1+m)x/d+c2dx2

3+m 4+m
2~ 2

o -ex]
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Problem 130: Unable to integrate problem.
Jx"‘ (a+bArcsinh[cx])

(d+c2dx?)??

dx

Optimal (type 5, 268 leaves, 4 steps):

X" (a+bArcSinh[cx])

d/d+c?dx?

e >

2 2 2
bcx*™~/1+c?x? Hypergeometric2F1|1, 2;'“ s 4*7’", -c2 x?]

1 1+m 3+m
(m x""+[1+c?x? (a+bArcSinh[cx]) Hypergeometric2Fl| R 2R e XZ})/

[d (1+m) \/d+c?dx® | -

d(2+m)\d+c2dx?
(bcmxz*mmHyper‘geometr'icPFQ[{l, 1+0, 1. T}, {iJr
2

2 2
(d (2+3m+m2) \Jd+c?dx?

Result (type 8, 28 leaves):
Jx"‘ (a+bArcSinh[cx])

(d+c2dx?)®?

m
—, 2+
2

dx

Problem 131: Unable to integrate problem.
Jx"‘ (a+bArcSinh[cx])

(d+c2dx?)®?

dx

Optimal (type 5, 402 leaves, 6 steps):
X" (a+bArcSinh[cx]) (2-m) x*" (a+bArcSinh[cx])
+

3d (d+c2dx?)>? 3d2+/d+c2dx?

( (2-m) mxtm \/1+c72x2 (a+bArcSinh[cx]) Hypergeometric2Fi| 1 lem 3em

e > :*CZXZ}
(3d2 (14m) y/d+c*dx?

2 2 2 /

bc (Z—m) x2MA/1 + c? x? Hyper‘geometr‘icZFl[l, Z*T"', 4?"', -c? xz}

3d? (2+m) Vd+c2dx?
bcx?™~/1+c2x? Hypergeometric2F1[2, M, M, 2 x?]

2’ 2

+

3d2 (2+m) Vd+c2dx?
(bc (2-m) mx2+mmHyper‘geometr‘icPFQHL 10 1, E}, {
2 2
[3d2 (2+3m+m2) m

Result (type 8, 28 leaves):
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Jx"‘ (a+bArcsinh[cx]) 5
X

(d+c2dx?)®?

Problem 132: Unable to integrate problem.
Jx'" ArcSinh[ax]

Optimal (type 5, 102 leaves, 1step):

x1*M ApcSinh[a x] Hyper‘geometr‘icZFl[i, L3 g2 %2

X

1+m

a x> HypergeometricPFQ[{1, 1+ f, 1+ f}, {%Jr %, 2+ 1}, ~a?x?]

2 +3m+m?

Result (type 9, 116leaves):

1 4~/1+a%x? ArcSinh[ax] Hypergeometric2F1[1, 2™, 3, _a2x2]
= xtem 2 2 -2Ma+/ x
4 1+m
. . 2+m 2+m 3+4m 4+m 22
Gamma[1 +m] HypergeometricPFQRegularized|{1, , b , }, -a?x?
2 2 2 2

Problem 138: Result unnecessarily involves imaginary or complex numbers.

(d+c2dx?) (a+bArcSinh[cx])?
J dx

X

Optimal (type 4, 165leaves, 10 steps):

1 1
=b>c?dx*- —bcdx+/1+c*x* (a+bArcSinh[cx]) -

4 2

Ed (a+bArcSinh[cx])?+ 1d (1+c*x*) (a+bArcSinh[cx])?
4 2

d (a+bArcSinh[cx] )3

+d (a+bArcSinh[cx])? Log[1 - e2Aresinhlex] ]
3b

. 1 .
bd (a+bArcSinh[cx]) PolyLog|2, e?Aresinhlcx]] _ = b2 d polylog|3, e?Aresinhicx] ]
2

Result (type 4, 216 leaves):
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1

“d|4a’c?x?-4ab|cx/1+c?x?* -ArcSinh[cXx]

8
8abc?x*ArcSinh[cx] +b? (1+2ArcSinh[cx]?) Cosh[2ArcSinh[cx]] +
8abArcSinh[cx] (ArcSinh[cx] +2 Log[1- e 2Aresinniex] )

8a?Log[x] - 8abPolylLog[2, e 2Aresinhlex]]

+

1 .
—b* (i n° - 8ArcSinh[cx]?+24 ArcSinh[c x]? Log |1 - e2Aresinhlex] |
3
24 ArcSinh[c x] Polylog |2, e*Arsi"lc<x]] _ 12 Polylog|3, e?Aresinhlcx)|) —

2b?ArcSinh[c x] Sinh[2 ArcSinh[c x] ]

Problem 140: Result unnecessarily involves imaginary or complex numbers.

(d+c?dx?) (a+bArcSinh[cx])?
J dx

x3

Optimal (type 4, 179leaves, 10 steps):
bcdV1+c?x? (a+bArcSinh[cx]) 1

+=c%d (a+bAr‘cSinh[cx])2—
X 2
d(1+c?x?) (a+bArcSinh[c x})z c2d <a+bAr‘cSinh[cx])3
- +
2 x? 3b
c?d (a+bArcSinh[cx])? Log[1 - e?Amsinhlex] 4 b2 c2d Log[x] +

. 1 .
bc*d (a+bArcSinh[cx]) PolylLog|2, e?Aresimhicx]] _ —p2 2 d Polylog|3, e?Aresinnicx]|
2

Result (type 4, 222 leaves):
a2 2ab (cxx/l+c2x2 +ArcSinh[cx})

- ; +2a?c?log[x] -
X X

—d
2

1
—b? [2cx+/1+c?x? ArcSinh[c ArcSinh[c x]2-2c?x?Log]c
; ( X +C°X inh[c x] + inh[c x] X glcx]

X

+

2abc? (ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinniexl]) _polylog[2, e 2Aresinhlex)])
3
2 bZ C2 (i

1 .
- = ArcSinh[c x]? + ArcSinh[c x]? Log |1 - e?Aresinhlex] ]
24 3

; 1 :
ArcSinh[c x] PolylLog [2, @2 Arcsinh[cx] ] - = PolyLog [3’ @2Arcsinh[cx] ] ] J
2

Problem 147: Result unnecessarily involves imaginary or complex numbers.

(d+ czdxz)2 (a+bArcsinh[cx] )2
J dx
X

Optimal (type 4, 256 leaves, 17 steps):

| 17
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13 1 11
—b*c?d*x*+ —b?c*d®x* - —bcd®x\/1+c*x* (a+bArcSinh[cx]) -

32 32 16

lbcdzx (1+c2x2)3/2 (a+bArcSinh[cx]) —Ed2 (a+bArcSinh[cx])?+

8 32

ld2 (1+c*x?) (a+bAr‘cSinh[cx})2+ ld2 (1+c2x2)2 (a+bAr‘cSinh[cx])2—
2 4

d? (a+bArcSinh[cx])?

+d? (a+bArcSinh[cx] )2 Log[1 - e2Aresinhlex]]
3b

. 1 .
bd® (a+bArcSinh[cx]) Polylog[2, e2Areinhiexl ] _ = p2 42 polylog|3, e?Aresinhicx] |
2

Result (type 4, 333 leaves):
1

—d? (321‘1b27r3+768a2c2x2+192a2c“x“—624abcx«/1+c2x2 ~96abc3x3/1+c?x® +

768
624 ab ArcSinh[c x] + 1536 ab c? x> ArcSinh[c x] + 384 ab ¢* x* ArcSinh[c x] +
768 ab ArcSinh[c x]2 - 256 b2 ArcSinh[c x]3 + 144 b2 Cosh[2 ArcSinh[c x] ] +
288 b% ArcSinh[c x]2 Cosh[2 ArcSinh[c x] ] + 3 b? Cosh[4 ArcSinh[cx]] +
24 b ArcSinh[c x]? Cosh[4 ArcSinh[c x]] + 1536 abArcSinh[cx] Log[1 - e 2Aresinhicx] ]
768 b2 ArcSinh[c x]2 Log[1 - e2Aresinhlex] ], 768 a? Log[c x] - 768 a b Polylog |2, e 2Aresinhlex]]
768 b% ArcSinh[c x] Polylog |2, e?Aresinhlcx]] _ 384 b2 polylog|3, e?Aresinhiex)| _

288 b% ArcSinh[c x] Sinh[2 ArcSinh[c x]] - 12 b% ArcSinh[c x] Sinh[4 ArcSinh[c x] ]

Problem 149: Result unnecessarily involves imaginary or complex numbers.

(d+c?dx?)? (a+bArcSinh[cx])?
J dx

x3

Optimal (type 4, 272 leaves, 17 steps):

1 1
bt d®x*+ —bc?d*xy/1+c?x* (a+bArcSinh[cx]) -

4 2

bcd? (1+c? x2)>/? (a+bArcSinh[cx]) 1
L
x 4

d? (1+c2x2)? (a+bArcSinh 2
@ (1+c2x) (a+bArcsinhcx])? - (1+c2x?) (a+2 resinhicx])?
2 X

c?d? (a+bArcSinh[cx])?+

2c?d? (a+bArcSinh[cx])?

3b
2bc?d* (a+bArcSinh[cx]) Polylog[2, e*Aresinhicx] | _ b2 2 d” Polylog|3, e?Aresinhicx] |

+2c*d? (a+bArcSinh[cx])? Log[1 - e2Aresinhiex] ], 2 2 d2 Log[x] +

Result (type 4, 313 leaves):
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1 a2 2ab(cxx/1+c2x2 +Ar‘cSinh[cx])
—d? |- —+atctx®- +
2 x2 x2
1
abc? [-cx+/1+c?x? 1+2c?x?) ArcSinh[cx 43%c?Log[x] - —
i+ +(1+ ) [ex] |+ glx] -~

X
b2 [2cxﬂ1+c2 x? ArcSinh[c x] + ArcSinh[cx]2-2c? x? Log[c x]

4abc? (ArcSinh[cx] (ArcSinh[cx] +2 Log [1- g 2Arcsinhiex] ] ) - PolyLog [2, e 2Arcsinhlcx]] )+

+

1 .
= b*c? (i®-8ArcSinh[cx]? +24 ArcSinh[c x]? Log[1 - e?Aresinhiex) |
6

24 ArcSinh[c x] Polylog |2, e*Arsinlc<x]] _ 12 Polylog|3, e?Aresinhlex)])

1
= b%c* ((1+2ArcSinh[cx]?) Cosh[2ArcSinh[cx]] - 2ArcSinh[cx] Sinh[2ArcSinh[cx]])
4

Problem 156: Result unnecessarily involves imaginary or complex numbers.

(d+c2dx?)® (a+bArcSinh[cx])?
J dx

X

Optimal (type 4, 336 leaves, 26 steps):

71 7 1 19
T2 2d3 2y — b2 A3 ——b2d (1+c2x3)P - T bed®x+/1+c2x? (a+bArcSinh[cx]) -
144 " 144 " o8 (2 ) 24 : (a [ex])
lbcd3x (1+c2x2)3/2 (a+bArcSinh[cx]) - ibcd3x (1+c2x2)5/2 (a+bArcSinh[cx]) -
36 18
19 . , 1 . 2
—d? (a+bArcSinh[cx])*+ =d® (1+c*x*) (a+bArcSinh[cx])*+
48 2
ld3 (1+c2x2)2 (aerAr'cSinh[cx])erld3 (1+c2x2>3 <a+bAr‘cSinh[cx})2—
4 6
d3 (aerAr'cSinh[cx})3 R 5 )
. +d® (a+bArcSinh[cx])® Log[1 - e?Aresinhlex] ],
3

. 1 .
bd® (a+bArcSinh[cx]) Polylog[2, e*A"esiM(ex] ] _ —p2 d* Polylog|3, e?Aresinhicx] |
2

Result (type 4, 426 leaves):
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1
——d3 (1441’1b2n3+5184a2c2x2+2592a2c4x4+576a2c6x6—3606abcxd1+c2x2 -
3456

1056 abc3x3+/1+c?x? -192abc®>x°+/1+c?x® +3600abArcSinh[cx] +

10368 ab c? x?> ArcSinh[c x] + 5184 ab c* x* ArcSinh[c x] + 1152 ab c® x® ArcSinh[c x] +
3456 a b ArcSinh[c x]2 - 1152 b? ArcSinh[c x]3 + 783 b? Cosh[2 ArcSinh[c x] ] +

1566 b% ArcSinh[c x]% Cosh[2 ArcSinh[c x]] + 27 b? Cosh[4 ArcSinh[cx]] +

216 b2 ArcSinh[c x]2 Cosh[4 ArcSinh[c x] ] + b2 Cosh[6 ArcSinh[cx]] +

18 b? ArcSinh[c x]? Cosh[6 ArcSinh[c x]] + 6912 abArcSinh[c x] Log[1 - e 2Aresinhlex] |,
3456 b? ArcSinh[c x]2 Log |1 - e2Aresinhicx] | 4 3456 a2 Log[c ] -

3456 a b Polylog |2, e 2Aresinhlcxl ], 3456 b2 ArcSinh[c x] PolylLog|2, e?Aresinhlex)] _
1728 b? Polylog |3, e?A"sinhlex)] _ 1566 b? ArcSinh[c x] Sinh[2ArcSinh[cx]] -

108 b2 ArcSinh[c x] Sinh[4 ArcSinh[c x]] - 6 b2 ArcSinh[c x] Sinh[6 ArcSinh[c x] ]

Problem 158: Result unnecessarily involves imaginary or complex numbers.

(d+ czdxz)3 (a+bArcSinh[cx] )2
J dx

x3

Optimal (type 4, 355 leaves, 28 steps):

21 1 3

— bt AP — P2 x - —bcdPx+/1+c*x* (a+bArcSinh[cx]) +

32 32 16

7 bcd® (1+c2x?)°? (a+bArcSinh[cx
~bc*d®x (1+c2x?)¥? (a+bArcSinh[cx]) - ( [ [ ”_
8 X

ic2d3 (a+bArcSinh[cx])?+ ic2d3 (1+c*x?) (a+bArcSinh[cx])?+

32 2

d® (1+c2x?)? b ArcSinh 2
3 g (1+c2x?)? (a+bArcSinh[cx])? - (1+c?x?)” (2 +bArcsinhlcx]) -
4 2 x2
c2d? (a+bAr‘cSinh[cx])3

+3c*d® (a+bArcSinh[cx])? Log[1 - e2Aresinhiex] ], h2 c2 d° Log[x] +
b

. 3 .
3bc?d® (a+bArcSinh[cx]) Polylog[2, e?Aresinhicx] | _ = p2 c> d® Polylog |3, e?Aresinnicx] |
2

Result (type 4, 472 leaves):
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1 128 a2 256abc1+c?x?
—d3®|321b2c?nA3- +384a%c*x?+64a%c®xt- -
256 x2 X
256 ab ArcSinh[c x]
336abc®x+/1+c?2x? -32abc®x>+/1+c?x? +336abc?ArcSinh -
c’ X +C° X c’ X +COX° o+ C cSinh[c x] P +
256 b2 ¢V 1+c?2x? ArcSinh[c x]

768 ab c* x? ArcSinh[c x] + 128 ab c® x* ArcSinh[c x] +

X
128 b% ArcSinh[c x]?

768 ab c? ArcSinh[c x]? - ,

- 256 b? c?2 ArcSinh[c x]3 +
X

80 b2 c? Cosh[2 ArcSinh[c x] ] + 160 b% c? ArcSinh[c x]2 Cosh[2 ArcSinh[c x]] +

b2 c2 Cosh[4 ArcSinh[c x]] + 8 b% c? ArcSinh[c x]2 Cosh[4 ArcSinh[c x]] +

1536 a b c? ArcSinh[c x] Log[1 - e 2Aresinhicx] ] 4 768 b? ¢? ArcSinh[c x]? Log[1 - e2Aresinhlex] ]
768 a c? Log[x] + 256 b? c? Log[c x] - 768 ab c? Polylog |2, e 2Aresinhlex] ]

768 b2 c? ArcSinh[c x] Polylog|2, e?Arsinhiex]] _ 384 h? c2 polyLog|3, e?Aresinhicx | _

160 b? c2 ArcSinh[c x] Sinh[2 ArcSinh[c x]] -4 b? c2 ArcSinh[c x] Sinh[4 ArcSinh[c x]]

Problem 161: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2

st (a+bArcSinh[cx]) 4
X

d+c?dx?
Optimal (type 4, 199 leaves, 10 steps):
b2x2 bxV1+c?x? (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2

- + +

4c%d 2c3d 4c4d

x? (a+bArcSinh[c x])2 (a+bArcsinh[c x})3 (a+bArcsinh[c x})zLog[lJreZA"CSi“h[”]]
+ _ _

2c%d 3bc*d c*d
b (a+bArcSinh[cx]) PolylLog |2, -e2Aresinhicx] | p2 polylog|3, - e2Arcsinhicx] |
+
c*d 2c*d

Result (type 4, 423 leaves):
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" 12a?2c?x?-12abcx~/1+c?x? +12abArcSinh[cx] -
24 c*d

48 i ab st ArcSinh[c x] +24ab c?x? ArcSinh[cx] - 24 abArcSinh[cx]?% -

8 b2 ArcSinh[c x]3+3b2Cosh[2ArcSinh[cx]] +6b%ArcSinh[c x]2? Cosh[2 ArcSinh[c x]] -

24 b? ArcSinh[c x]? Log[1 + e 2ArSinhlex] ] 4 24§ abrLog[1 - i e Aresinhiex] ] _

48 abArcSinh[cx] Log[1-i e AsiMMiexI] 24§ abLlog[l+1eAresinhlexl]

48 abArcSinh[cx] Log[1+i e A"simhcxl] 196 i abrLog|[1+eAresimhicx]] _12 a2 Log[1+c?x?] +

1 1
24Jiab7TLog[—Cos[* (7T+21'1Ar‘csinh[cx])H —961’1aanog[Cosh[fAr‘cSinh[cx}H -
4 2
1
4
48 abPolylog[2, -i e Aresinhicx]] ;48 abPolylog|2, i e Aresinhlcx ]

24iabrlog[Sin[= (r+2iArcSinh[cx]) ]| +24b?ArcSinh[c x] Polylog[2, —e 2Aresinhlexl|

12 b? Polylog|3, -e 2ATsinhicxl] _ 6 p? ArcSinh[c x] Sinh[2 ArcSinh[c x]]

Problem 163: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2

jx (a+bArcsinh[cx]) 5
X

d+c?dx?
Optimal (type 4, 105leaves, 6 steps):

(a+bArcSinh[cx] )3 (a+bArcsinh[cx] )2 Log[1 + e2Arcsinhlcx] |

- + +
3bc?d c2d
b (a+bArcSinh[cx]) PolylLog|[2, -e2Aresinhicx] | p2 polylog|3, - e2Arcsinhicx] |
c2d 2c?d

Result (type 4, 325leaves):
1
6c’d
6 b2 ArcSinh[c x]? Log[1 + e 2Aresinicexl] 64 abrLog[1 - i e Aresinhlex]]
12abArcSinh[cx] Log[1 -1 e siMiexl] 1 64 abrLog[l+ieAresinlex]
12abArcSinh[cx] Log[1+ i e AesimMicxXI] _ 24§ abrLog[1 + efresinhiex]] 4

121 abArcSinh[c x] + 6 abArcSinh[c x]? + 2b%2 ArcSinh[c x]3 +

3a%Log(1+c?x?| 7611ab7rLog[7Cos[1 (m+2iArcSinh[cx])]] +
4

1 1
241‘1abﬂLog[Cosh[;Ar'cSinh[c x]]] +6iabrlog[sin[ = (m+2iArcSinh[cx])]] -
4
6 b2 ArcSinh[c x] PolylLog |2, -e 2Aresimhicx] _ 12 abPolylog|2, - i e Aresinhlex]] _

12abPolylog|2, i e Arsimiexl] _3p2 polylog|3, - e 2Arcsinhicx] ]|

Problem 164: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

d+c?dx?
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Optimal (type 4, 138 leaves, 8steps):

2 (a+bArcSinh[cx]) ? ArcTan[eAresinhicxI ] 2 b (a+bArcsinh[cx]) Polylog|2, -i eAresinhicx]]

+

cd cd
2ib (a+bArcSinh[cx]) PolylLog|2, i eArcsinhlcx]]
cd :
2i b2 Polylog[3, -1 efresinhicxI ] 24 b2 polylog|3, i eAresinhicx] |
cd ) cd

Result (type 4, 309 leaves):
1

— |-abArcSinh[c x] + a2 ArcTan[c X] -
cd

abrlog|[l-ieresimhlcxl] _2j abArcSinh[cx] Log[1-ieAresinhiex)] _
ib?ArcSinh[cx]? Log[1- i e A SiMMiex]] _aprLog[l+ 1 e Aresinhlexl]
2iabArcSinh[cx] Log[1+i e rsimhiex] 4 4 b2 ArcSinh[c x]2 Log[1 + i e Aresinhiex) | 4

1 1
ablog[-Cos|~ (m+2iArcSinh[cx])|]+abrlog[Sin[~ (m+21iArcSinh[cx])]] -
4 4

2ib (a+bArcSinh[cx]) PolyLog[2, —i e Aresinhlex]]
2ib (a+bArcSinh[cx]) PolylLog|[2, i e Aresinhiexl]

2i b?Polylog[3, -i e Aesinicx] ;2 j b2 polylog|3, i e Aresinhicx]]

Problem 165: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

X (d+c2dx2)

Optimal (type 4, 116 leaves, 9steps):
2 (a+bArcSinh[cx])?ArcTanh[e2Aresinhicx] ] b (a+bArcSinh[cx]) PolylLog[2, -e?Arcsinhicx] ]

+

d d
b (a+bArcSinh[cx]) PolylLog|[2, e*Arcsinhicx]]
N
d
b2 PolylLog [3, _ @2Arcsinh[cx] } b2 PolylLog [3) @2 Arcsinhcx] ]
2d ) Ny

Result (type 4, 424 leaves):
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24d

ib?7®-481iabArcSinh[cx] - 16 b? ArcSinh[c x]? + 48 abArcSinh[c x] Log[1 - e 2Aresinhlex] | _

24 b? ArcSinh[c x]? Log[1 + e 2ATsiniex] | 4 24 § a by Log[1 - i e Aresinhlex] ]
48 abArcSinh| Log{ — i e Aresinhlex]] 24 3 abrLog[l+ 1 e Aresinhlexl]
48 abArcSinh[cx] Log[1+i e A"simhicx] 1 96 i abrLog[1 + eAresinhiex]]
24 b% ArcSinh[c x] Log[ e2Aresinhlex] ] 4 24 a2 Log[c x] - 12 a% Log[1+c? x*| +
1 1
24iabrlog[-Cos|[~ (m+2iArcSinh[cx])]]|-961iabLlog[Cosh[=ArcSinh[cx]]|] -
4 2

241 a szLog[Sin{l (m+21iArcSinh[cx])|] +24b?ArcSinh[c x] Polylog|2, —e 2Aresinhlex] | _
4

24 abPolylog|2, e 2Aresinhlcxl] 48 abPolylog|2, -i e Aresinhiex]]
48 abPolylog[2, i e *"sinhicx]] , 24 b2 ArcSinh[c x] Polylog|2, e2Aresinhiex]]

12 b2 POlyLOg[ —2Ar'c51nh[ ] ~12 b2 PolyLog [3, eZAr'cSinh[c X] ]

Problem 166: Result more than twice size of optimal antiderivative.

dx

(a+bArcSinh[cx] )2
j 2 (d+c?dx?)

Optimal (type 4, 204 leaves, 15 steps):
(a+bArcSinh[cx])? 2c (a+bArcSinh[cx])?ArcTan|ehresinnicx] |

d x d
4bc (a+bArcSinh[cx]) ArcTanh|[eAresinhicx]] 2 b2 c polylog |2, - eArcsinhicx] |
d . d !

2ibc (a+bArcSinh[cx]) Polylog|2, -i eArcsinhicx]]

y _
2ibc (a+bArcSinh[cx]) Polylog|2, i eAresinhicx] | 2p2 c Polylog|2, efresinhicx] |

J + y _
21 b? c Polylog[3, —i efresinhicxl ] 2 4 b2 c PolylLog|[3, i eArcsinhicx] ]

+
d d

Result (type 4, 493 leaves):
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1
-— |a?+2abArcSinh[cx] -abcxArcSinh[c x] + b? ArcSinh[c x]? + a2 cx ArcTan[c x] -
d x

2b% c xArcSinh[cx] Log[1- e rimiexl] _apcrxLlogl-1ieAresinniex)]

2iabcxArcSinh[cx] Log[1 -1 e rsinMiexl] _j b2 ¢ x ArcSinh[c x]? Log[1 - i e Aresinhlex]] _

-ArcSinh[c x] ] —-ArcSinh[c x] ]

abcrxlog[l+ie +2iabcxArcSinh[cx] Log[l+ie +

ib? cxArcSinh[cx]? Log |1+ 1 e ArsiMniex)] 4 2 p2 ¢ x ArcSinh[c x] Log[1 + e Aresinhlex] ]

2abcxlog[cx] +2abcxLlog[l++/1+c?x? | JrabcyrxLog[—Cos[l (rm+21iArcSinh[cx])]] +
4

abcrx Log[sin[1 (m+2iArcSinh[cx])]] -2b%cxPolylog|2, —eArsimhiex]] 24 bcx
4

(a+bArcSinh[cx]) Polylog|2, -i e A"™M<xI] .+ 2 i abcxPolylog|2, i e Aresimlex]] 4
2 b? c xArcSinh[c x] PolylLog[2, i e A"*imlexl] 1 2 b2 c x PolyLog |2, e Arcsinhlex]] _

2 b? cxPolylog[3, -i e AresiMicx] 4 2§ b2 ¢ x Polylog|3, i e Aresinhicx]]

Problem 167: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2

J(a +bArcSinh[cx])

x3 <d+c2dx2>

Optimal (type 4, 194 leaves, 12 steps):
bcv1i+c?x? (a+bArcSinh[cx]) (a+bArcSinh[cx] )2

- - +
dx 2dx?
2 ¢ (a +bArcSinh[c x] >2 ArcTanh [ceZA'“CSi”h[CX] ] b2 c2 Log[X]
d " d
bc? (a+bArcSinh[cx]) Polylog[2, —e?Arcsinhicx] |
d
bc? (a+bArcSinh[cx]) Polylog[2, e2Arcsinhicx] |
d
b? c? Polylog|3, -e2Arcsinhicx]] b2 c2 polylog|3, e2Arcsinhicx] |

+

2d 2d

Result (type 4, 523 leaves):
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1 2 2ab(cxx/1+c2x2 +ArcSinh[c x]

a
— |-—+41i1abc?nArcSinh[cx] +2abc?ArcSinh[cx]? - -

2d x2 x2

2abc?ArcSinh[cx] (ArcSinh[cx] +2Log[1 - e 2Aresinhlex] ) 4
abc? (-21im+4ArcSinh[cx]) Log[1-i e Aresinnlex]]

abc? (2ir+4ArcSinh[cx]) Log|[1+ i e Aresinhlexi]
8iabc?mlog[l+efresimhiex]] _ a2 c? Log[x] +a?c?Log[l+c?x?| -

2iabc?nlog[-Cos[~ (r+2iArcSinh[cx])]] +81'1abcanog{Cosh[lAr‘cSinh[cx]H +
2

1
4

2iabc?nlog[Sin|— (n+2iArcSinh[cx])]] +2abc?Polylog[2, e 2Aresinhicx]]

1
4
4abc?Polylog|2, -i e resimicxl] 43 c?Polylog|2, i e Aresinniex)]
i A/1+c?x?® ArcSinh[cx] ArcSinh[cx]? 2 . 3
- - - + — ArcSinh[cx]° +
24 c X 2c?x? 3

2b%c?

ArcSinh[cx]? Log |1+ e 2Aresinhiex) | _ApcSinh[c x]? Log |1 - e2Aresinhlex] ], oglcx] -
ArcSinh[c x] PolylLog[2, -e 2Aresinhlexl ] _ ApcSinh[c x] Polylog|2, e?Aresinhiex)]

1 : 1 .
= PolylLog [31 _ @ 2Arcsinhfcx] } + — PolylLog [3, @2 Arcsinh[cx] ]
2 2

Problem 168: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

x4 (d+c2dx2)

Optimal (type 4, 297 leaves, 24 steps):

b2c2 bc/1+c2x?2 (a+bArcSinh[cx]) (a+bArcSinh[cx])®> c? (a+bArcSinh[cx])?
C3dx 3dx2 ) 3dx3 : d x '
2¢® (a+bArcSinh[cx])?ArcTan[efresinhicx] ] 14 b c® (a+bArcSinh[cx]) ArcTanh[eAresinhicx] ]
d : 3d :

7 b2 c® Polylog[2, —efresinhiex] | 2§ b c3 (a+bArcSinh[cx]) Polylog|2, - i efresinhicx] |

3d ) d :
2ibc3 (a+bArcSinh[cx]) Polylog|2, i efresinhicx]] 7 b2 3 Polylog|2, efresinhicx] |

d ) 3d :
2 i b?c3Polylog [3, — 1 eAresinhcx] ] 2 i b?c3Polylog [3, 1 eAresinhicx] }
d d

Result (type 4, 735leaves):
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a? a’c?  a?c3ArcTan[cx]
- + + +
3dx3 d x d
1 cV1+c?x?  ArcSinh[cx 1 1
—2ab |- ’ - [ ]—7c3Log[x}+7c3Log[1+xll+c2x2],
d 6 x2 3x3 6 6
ArcSinh[c x
CZ(7¥+cLog[x]—cLog[1+w/1+c2x2] +
X

1 .
—1ic3 [3 i sArcSinh[cx] +ArcSinh[cx]?+ (2147 +4ArcSinh[cx]) Log[1+ i e Aresinhiex) ] _

41 7Log |1+ etresinhiex] ] —ZiﬂLog[—Cos[i (m+2iArcSinh[cx])]] +
4jﬂLog[Cosh[§ArcSinh[c x]|]| -4PolyLog[2, -i e’A"Si“h[CX]]) -

ijé [J‘UrAr'cSinh[c x] +ArcSinh[cx]?+ (-2 i 7+ 4ArcSinh[cx]) Log[1- i e Aresinhiex] ] _
41 log|1 + etresinhiex] ] +4iﬂLog[Cosh[§Ar‘cSinh[c x]]]+
ZjnLog[Sin[i (7+21iArcSinh[cx])]]| - 4PolyLog|2, jeA"Sinh[cﬂ})] +

1 ., 1 . . ) 1 .
——b?c® |-4Coth[ = ArcSinh[c x] | + 14 ArcSinh[c x]? Coth| = ArcSinh[cx] | -
24 d 2 2

. 1 . 2 1 . ) 1 . 4
2ArcSinh[cx] Csch| = ArcSinh[cx] | - = cxArcSinh[c x]? Csch[ = ArcSinh[cx] | -
2 2 2

56 ArcSinh[c x] Log[1 - e A"Simhlcx] ] _ 24§ ArcSinh[cx]? Log[1 - i e Aresinhlex]]
24 i ArcSinh[cx]? Log[1+i e Aresinhlex] ;56 ArcSinh[c x] Log[1 + e Aresinhiex) ]
56 PolylLog |2, -e ArsiMicxl | _ 48 j ArcSinh[c x] PolyLog[2, - i e Aresinhlex]]
48 i ArcSinh[c x] Polylog[2, i e Arsinhiex]] 4 56 polyLog[2, e Aresinhicx] |
48 i Polylog|[3, -1 e Arsinhlex)] ; 48 j Polylog|3, i e Aresinhlex)]

8 ArcSinh[c x]2 Sinh| % ArcSinh[c x] }4

1
2 ArcSinh[c x] Sech|[ = ArcSinh[cx] | - +
2 3 x3

1 1
4 Tanh [ — ArcSinh[c x] ] - 14 ArcSinh[c x]2 Tanh [ — ArcSinh[c x] ]
2 2

Problem 170: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz" (a+bArcsinh[cx] )2 :
X

(d+c2dX2>2

Optimal (type 4, 213 leaves, 10 steps):
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bx (a+bArcSinh[cx]) (a+bArcSinh[c x])2 x? (a+bArcSinh[cx] )2

+ — —

3d2v/1+c2x2 2c4d? 2c2d? (1+c?x?)
(a+bArcSinh[cx] )3 . (a+bArcSinh[cx] )2 Log[1 + e2Arcsinhlcx] | . b2 Log[1 + c2 x?] .
3bc*d? c*d? 2 c* d?
b (a+bArcSinh[cx]) PolylLog[2, -e2Arcsinhicx] | b2 polylog|3, -e2Arcsinhicx] |
c* d? ) 2c4d?

Result (type 4, 430 leaves):
1 a2 ab(\/1+c2x2 —JiAr'cSinh[cx]) ab(\/1+c2x2 +JiAr‘cSinh[cx}>

- - +
2c¢4d? |1+c?x? i+cx —i+cx

4iabrArcSinh[cx] +2abArcSinh[cx]?+ab (-21im+4ArcSinh[cx]) Log[1 - i e Aresinhlex]]
ab (24 m+4ArcSinhcx]) Log[1+ i e Aresimlexl] 8 abrLog[l+erresinhiex]]

a’Log[1+c?x?| —ZjabﬂLog[—Cos[l (m+2iArcSinh[cx])]] +
4

| 1 | 1 —
8iabLog[Cosh|~ ArcSinh[cx]]] +21aanog[Sln[Z (m+2iArcSinh[cx])]] -
2

4abPolylog[2, -i e resinlcx]] _43bPolylog|2, i e Aresinhiex]] ;3 p2
¢ xArcSinh[c x] ArcSinh[cx]?
- +

1
+ = ArcSinh[c x]® + ArcSinh[cx]? Log[1+e +

NEr 2+2c2x? 3

-2 ArcSinh[c x] ]

1 .
= Log[1+c?*x?| - ArcSinh[c x] PolylLog[2, -e 2Aresinhicx]]
2

_ l POlyLOg [3, _e—ZAr‘cSinh[c x] }
2

Problem 171: Result more than twice size of optimal antiderivative.

sz (a+bArcsinh[cx] >2 4
X

(d+c2dx2)2

Optimal (type 4, 213 leaves, 11 steps):

b (a+bArcSinh[cx]) x(a+bAr‘cSinh[cx])2 (a+bArcSinh[cx])zAr'cTan[eA'"CSi”h[”]]

- - + +
Sd 1zl 2c2d2 (1+c2x2) c3d?
b2 ArcTan[cx] 1b (a +bArcSinh[c x] ) Polylog [2, - 1 gArcsinhcx] }
c3 d? ) c3d? :
ib (a+bArcSinh[cx]) Polylog[2, i eAresinhicx] ]
c3d? :

i b?Polylog[3, - i eAresinhicxl ] j b2 polylog|3, i eAresinhicx] ]

c3d? : c3d?

Result (type 4, 478 leaves):
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1 aZcx iabyV1l+c?x? iab+/1+c?x?
+ + +

2c3d? |1+c?x? i-cx i+cx
. abArcSinh[cx] abArcSinh[cx] 2b%ArcSinh[cx]
absrArcSinh[c x] + + + +
-1+CX i+cxX NE Y
b?c x ArcSinh[cx]? 5 1 .
-a?ArcTan[cx] -4 b?ArcTan|[Tanh[ = ArcSinh[cx] | ] +
1+c?2x? 2

abrlog[l-ie simhicxI] 424 abArcSinh[cx] Log[1 - i e Aresinhlex]
ib?ArcSinh[cx]? Log[1 - i e A"iMexl] 4 abrlog|1+ i e Aresinhlex]]
2iabArcSinh[cx] Log[1+ i e Arsimhiex]] _j b2 ApcSinh[c x]? Log[1 + i e Aresinhlex] ] _

1 . ) .1 . .
ablog[-Cos|[= (m+2iArcSinh[cx])]]-abrlog[Sin[ = (r+2iArcSinh[cx])]]+
4 4

2ib (a+bArcSinh[cx]) Polylog|2, - i e Aresinhiex]] _
2ib (a+bArcSinh[cx]) PolylLog|2, i e Aresinhiexl]

23 b2 POlyLOg [3, _i e—Ar"CSiﬂh[C X] ] ~21 b2 POlyLOg [3) i efArcSinh[c X]]

Problem 173: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

(d+c2dX2>2

Optimal (type 4, 210leaves, 11 steps):

b (a+bArcSinh[cx]) x(a+bAr‘cSinh[cx1)2 (a+bAr‘cSinh[cx1>2Ar‘cTan[eA'"CSi”h[”]}

cd?\/1+c2x? ) 2d? (1+c%x?) : cd? )
b2 ArcTan[cx] 1b (a +bArcSinh[c x] ) Polylog [2, _ { eAresinhcx] }
c d? ) c d? *
ib (a+bArcSinh[cx]) Polylog[2, i eAresinhicx] ]
c d? '
i b2 Polylog {3, _ i @Arcsinhcx] } i b2 PolyLog {3) i @Arcsinhicx] }
c d? B c d?

Result (type 4, 472 leaves):
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1
2d?
a? x a?ArcTan[cx] 1 ivi+e2x?  iV1+c?x? . ArcSinh[c x]
+ +—ab + -mArcSinh[cx] + ——— +
1+c?x? C C i-cx i+cx -i+cx

w - Log[l _i e—Ar‘cSinh[c x] ] _21i ArcSinh [CX] Log[l i e—Ar‘cSinh[cx] ] _
1+CX
T Log[l i1 efAr‘cSinh[C X] ] +2 1 ArcSinh [C X} Log[l i1 efAr‘cSinh[cx] ] .
1 . . o1 . )
mlog[-Cos[~ (m+2iArcSinh[cx])]] +rLog[Sin[~ (n+2iArcSinh[cx])]] -
4 4
2 i Polylog [2, _j @ Arcsinh[cx] ] +21 Polylog [2, i @ Arcsinh[cx] ] N

1 _ , (ArcSinh[cx] cxArcSinh[cx]? 1 ] 1 .
~2b + - =i |-41iArcTan[Tanh|[ = ArcSinh[cx] || +
c NET Y 2+2c?x? 2 2

ArcSinh[cx]? Log[1- i e A"imhicx]] _ApcSinh[cx]? Log|[1 + i e Aresinhiex]]
2 ArcSinh[c x] PolyLog|2, -i e Aresimiexl] _ 2 ArcSinh[c x] PolyLog|2, i e Aresinhlex]]

2Polylog(3, -i e Aresinhlcxl] _ 2 polylog|3, i e Arcsinhicx]] ] )

Problem 174: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

X (d+c2dx2)2

Optimal (type 4, 193 leaves, 12 steps):
bcx (a+bArcSinh[cx]) (a+bAr‘cSinh[cx])2
_ N _

V122 2d? (1+c?x?)

2 (a+bArcSinh[cx] )2 ArcTanh [e2Aresinhlcx] | b2 | og |1+ c2 x2|
+

d? 2 d?
b (a+bArcSinh[cx]) PolylLog|2, —e2Arcsinhicx] |
d? :
b (a+bArcSinh[cx]) PolylLog [2, @?Arcsinhlcx] ]
+
d2

b2 PolylLog [3’ _ @2Arcsinh[cx] } b2 PolylLog [3) @2 Arcsinhcx] ]

2d? 2d?

Result (type 4, 536 leaves):
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1 a2 ab (\/1+c2x2 - i ArcSinh[c x]

-— |- + +
2d? | 1+c?x? i+cx
ab (\/1+c2x2 +iAr‘cSinh[cx})
+41iabmArcSinh[cx] +2abArcSinh[cx]?-

-1+cCX
2abArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Aresinhlex]]) 4
2ab (-i+2ArcSinh[cx]) Log[1-1 e M™M(eXI] +ab (21 7 +4ArcSinh[cx])
Log[1+i eAresimhlcx]] _ 84 ablog|l+eresiniex)] —2a2 Logcx] +a? Log[1+c?x?] -

1 1
2iabslog[-Cos[~ (n+2iArcSinh[cx])]] +81’1aanog[Cosh[;Ar‘cSinh[cx]}] +
4
1
4
4abPolylog|2, -ieA"simhicx]] _43bPolylog[2, i e Aresinhlicx]]

, (17 cxArcSinh[cx] ArcSinh[cx]? 2 . 3 . 5
2b - + - —ArcSinh[c x]” - ArcSinh[c x]

24 Vit 2+2c2x? 3

. . 1
Log[1 + e 2Aresinhlex] ] 4 ApcSinh[c x]2 Log[1 - e2Aresinhicx] ] o = Log[1+c2x?] +
2

2iablog[sin[~ (n+2iArcSinh[cx])|]|+2abPolylog[2, e 2Arsinhicx]] _

ArcSinh[c x] PolylLog[2, -e 2Aresinhlexl] . ApcSinh[c x] Polylog[2, e?Aresinhiexl| 4

1 PolylLog [3, _ @ 2ArcSinh[cx] ] _ 1 Polylog [3, @2Arcsinh[cx] ]
2 2

Problem 175: Result more than twice size of optimal antiderivative.

dx

J(a +bArcSinh[c x] )2

x2 (d+c2dx2)2

Optimal (type 4, 287 leaves, 20 steps):

bc (a+bArcSinh[cx]) (a+bArcSinh[cx])?

d2 /1 + 2 x2 d?x (1+c?x?)

3cx (a+bArcSinh[cx] J? 3¢ (a+bArcSinh[cx] )ZAr‘cTan[eA"CSi”h[CX]]
- +

2d? (1+c?x?) d2
b2 cArcTan[cx] 4bc (a+bArcSinh[cx]) ArcTanh|[efresinhicx] ]
d? ) d2 B
2b%cPolylog[2, -erresinhicx]] 34 bc (a+bArcSinh[cx]) Polylog|2, - i efresinnicx]]
d? " d? -
3ibc (a+bArcSinh[cx]) Polylog|2, i eAresinhicx]]  2p2 c Polylog|2, efresinhicx] ]
& + - _
31 b%cPolylog|3, -i efresinhicxl] 34 b2 c Polylog|3, i eArcsinhicx] ]
d? ' d?

Result (type 4, 689 leaves):
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a? a’c?x 3aZcArcTan[c x]
-— - - +
d?x  2d? (1+c?x?) 2d?
1 5ab V1+c?2x? +1ArcSinh[cx] ArcSinh[cx]
—2abc - _
d? 4 (-1-icx) cx

i V1+c?x? +ArcSinh[cx
= ’ : [ ]+Log[cx]—Log[1+x/1+c2x2]—

4(]'1+CX>

i [3]17TAI"CSiﬂh[C x] +ArcSinh[cx]?+ (21 +4ArcSinh[cx]) Log[1+i e Aresinnlex]]

0 |w

41 log[l+efresinMlcx)] 24 rlog|[-Cos[ =~ (r+21iArcSinh[cx])]] +

FNQIN

+ o ~ArcSinh[c x]

4]17rLog[Cosh[lAr‘cSinh[c x]]]| -4PolyLog[2, -ie ]) +
2

3 .
—i (]i nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1 - i e Aresinhlex]]
8

41iLog|l+erresinhiexi] 44 5 Log[Cosh[l ArcSinh[cx] || +
2

21‘mLog[$in[1 (7+21iArcsinh[cx])]] - 4PolyLog|2, jeA"Si"h[”J})] +
4

1, 2 ArcSinh[cx] c¢xArcSinh[cx]? 1 .
—bc |- - +4Ar‘cTan[Tanh[7Ar'c51nh[c X]H -
2d2 \/1+C2X2 1+C2X2 2

1 .
ArcSinh[c x]2 Coth[ = ArcSinh[cx] | + 4 ArcSinh[c x] Log[1 - e Aresinhlex] ]
2

33 ArcSinh[cx]? Log[1 - i e Aresiniexl] _ 34 ArcSinh[c x]? Log |1+ i e Aresinhlex) ] _

4 ArcSinh[cx] Log[1+ e Aresinhlcx] ] 4 4 polylog[2, - e Aresinhicx]]

6 i ArcSinh[c x] PolyLog |2, -i e A"sinicx]] _6 i ArcSinh[c x] Polylog[2, i e Aresinhlex) ]
4 Polylog [2_‘ @ Arcsinhfcx] } +6 i PolylLog [3, _j e-Arcsinh[cx] } _

. 1
6 i PolyLog[3, i e r<simhlcx] 4 ApcSinh[cx]? Tanh| = ArcSinh[c x] |
2

Problem 176: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(a +bArcSinh[cx])?

x3 (d+c2dx2)2

Optimal (type 4, 253 leaves, 17 steps):
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bc (a+bArcSinh[cx]) c? <a+bAr‘cSinh[cx]>2 <a+bAr‘cSinh[cx]>2

- - +

2xV1: 22 d? (1+c?x?) 2d2x? (1+c?x?)

4c? (a+bArcSinh[cx])?ArcTanh[e2AresinhicxI | 2 (2| ogx]

o2 e
b?c?Log[1+c2x?| 2bc? (a+bArcSinh[cx]) Polylog[2, -e?Arcsinhicx] ]

+
2d? d?
2bc? (a+bArcSinh[cx]) PolylLog|2, e?Arcsinhicx] |
o .
b2 c2 PolyLog [3, _ @2ArcSinh[cx] ] b2 2 PolyLog [3) @2ArcSinh[cx] ]
d? : d?

Result (type 4, 649 leaves):
1 32 a2 2 abc? (\/1+c2x2 —J’lAr‘cSinh[cx}) abc? (\/1+c2x2 +J’1Ar'cSinh[cx])

— |- - + + +
2 d? x2  1+c?x? i+cx —1+cCx

2ab (cxx/1+c2x2 +Ar‘cSinh[cx})
8iabc?tArcSinh[cx] +4abc?ArcSinh[cx]?- ; -
X

4abc*ArcSinh[cx] (ArcSinh[cx] +2 Log[1 - e 2Arcsinhlcx] ]) N
4abc? (-im+2ArcSinh[cx]) Log[1- i e Aresinnlexi]

4abc? (im+2ArcSinh[cx]) Log[1+i e Aresinhlex]] _
161iabc?log[l+efresinlexl] 432 c? Log[x] +2a%c?Log[1+c?x?] -

41'1abc271Log[—Cos[l (m+21iArcsinh[cx])]] +161‘1abc27rLog[Cosh[lAr'cSinh[cx]}] +
4 2

4iabc’rlog[Sin[ = (m+21iArcSinh[cx])]|]|+4abc?Polylog|2, e 2ATsinnlcx]]

1

4

8abc?Polylog[2, -ieA"iMicx]] _gabc?Polylog|2, i e Aresinhlex] | .

, [2cxArcSinh[cx] 2+v1+c?2x? ArcSinh[cx] ArcSinh[cx]? ArcSinh[cx]?
Vir2x2 cx c2x? 1+c?x?

4 ArcSinh[c x]? Log |1 - e 2Aresinmhlexl] 4 4 ApcSinh[c x]? Log[1 + e 2Aresinhicx ],

b2 ¢

cx .
2Log[————] -4 ArcSinh[cx] PolylLog[2, - e 2Arsiniex]] 4 4 ApcSinh[c x]

V1+c?x?

PolyLog [2, e-z ArcSinh[c x] ] _2 PolyLog [3, B e-z ArcSinh[c x] ] L2 PolyLog [3, e—ZAr‘cSinh[c x] }

Problem 177: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

x4 (d+c2dx2)2

Optimal (type 4, 401 leaves, 32 steps):
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b2c2 2bc® (a+bArcSinh[cx]) bc (a+bArcSinh[cx])
_ . _
3d*x 3d24/1+c2x? 3d2x2V/1+c2x?

(a+bAr‘cSinh[cx])2 5c2(a+bAr‘cSinh[cx1>2 5c“x(a+bAr‘cSinh[cx})2
+

+ +
3d2%3 (1+c2x?) 3d?x (1+c?x?) 2d? (1+c2x?)
5¢® (a+bArcSinh[cx])?ArcTan[efresinhlcx] ] 12 ¢3 ApcTan[c x]
o . o '
26 b c® (a+bArcSinh[cx]) ArcTanh [eAresinhicx] ] 13 b2 3 polylog |2, - eArcsinhicx] |
N _
3 d? 3 d?
5ibc? (a+bArcSinh[cx]) Polylog[2, - i eAresinhicx]]
d? :
5ibc? (a+bArcSinh[cx]) Polylog[2, i efresinhiex] | 13 b2 ¢ Polylog|2, efresinhicx] ]
- +
d? 3d?2
51 b? ¢ Polylog|3, - i efresinhiex] | 5§ h2 c3 Polylog|3, i efresinhicx] ]
o ) o

Result (type 4, 897 leaves):
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a2 2 a2 c? a2 c*x 5a%c3ArcTan[c x]
- + + + +
3d2x3  d?x 2d? (1+c?x?) 2d?
1 cVirczx2 ¢ (\/1+c2x2 +JiAr‘cSinh[cx])
—2ab |- - _
d? 6 x2 4 (-1-icx)
ArcSinh[c x] ct (J‘L\/1+c2x2 +Ar‘cSinh[cx]) 1
+ - =c3log[x] +
3x3 4 (ic+c?x) 6
1 ArcSinh[c x
fcsLog[1+\/1+c72x2} -2c? (—#+cLog[x] ~clog[l+n/1+c2x? ]|+
6 X
5

8

41 Log|[l+erresinnlex]] 2 log|[-Cos|[~ (rr+21iArcSinh[cx])]] +

FNQUN

41 Log[Cosh| 1 ArcSinh[cx] || - 4Polylog|2, -i e Aresinhlcx]] ) -
2

5
8

417 Log[1+erresinhlcx]] 4 44 57 Log [Cosh{l ArcSinh[cx] | ] +
2

1 .
2 rlog[Sin[ = (r+2iArcSinh[cx])]] -4PolyLog[2, i e resinniexi] )
4
1 , ,|24ArcSinh[cx] 12cxArcSinh[cx]? 1 .
b“ c + -48 Ar‘cTan[Tanh[fAr'cSmh [cX] H -
24 ¢ Jiiax? 1+c2x2 2

1 1
4 Coth[ = ArcSinh[cx] | + 26 ArcSinh[c x]? Coth[ = ArcSinh[cx] | -
2 2

. 1 . 2 1 . ) 1 . 4
2 ArcSinh[c x] Csch[fAr‘cSmh[c X] ] - —c xArcSinh[cx] Csch[fAr‘cSmh[c x]} -
2 2 2

104 ArcSinh[c x] Log[1 - e Aresinlexl] _ 6@ i ArcSinh[c x]? Log[1 - i e Aresinhlex]]
60 i ArcSinh[cx]? Log[1+i e Aresinhicx]] ;104 ArcSinh[c x] Log|[1 + e Aresinhicx]] _
104 Polylog[2, e Aresimhicx]] _ 129 i ArcSinh[c x] PolyLog[2, - i e Aresinhlex]]
120 i ArcSinh[c x] Polylog|2, i e "*inM(cx]] , 104 polylog|[2, e Aresinhiex]] _
120 i PolyLog[3, - i e A"iMM(ex]] 1 120 i Polylog|3, i e Aresinhlex] | _

g ArcSinh[c x]2Sinh[ L Arcsinh[cx] ]*

1
2 ArcSinh[cx] Sech| = ArcSinh|[c x}]z— +
2 3 x3

1 1
4 Tanh[ = ArcSinh[cx] | - 26 ArcSinh[c x]? Tanh [ = ArcSinh[c x] |
2 2

~icd [BiﬂAr‘cSinh[c x] +ArcSinh[cx]?+ (21 +4ArcSinh[cx]) Log[1+i e Aresinnlex]]

~icd [J‘L nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1 - i e Aresinhlex]] _

| 35
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Problem 183: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

X (d+c2dx2)3

Optimal (type 4, 275leaves, 17 steps):

b2 bcx (a+bArcSinh[cx]) 4bcx (a+bArcSinhcx])
- - - +
12d® (1+c?x?) 6d3 (1+c2x2)3/2 3d3V/1+c?x?
(a+bArcSinh[c x])2 (a+bArcSinh[c x])2 2 (a+bArcSinh[c x])zArcTanh[eZA"CSi”h[cx]}
+ - +
443 (1+c2 x2>2 2d3 <1+c2x2) a3
2b%Log[1+c*x?| b (a+bArcSinh[cx]) Polylog|2, -e?Arcsinhicx] ]
- +
3d3 d?
b (a+bArcSinh[cx]) PolyLog|[2, e?Arcsinhicx]]
d? :
b2 PolyLog[3, 762Arcsinh[cx]} b2 PolyLog[3, eZAr‘cSinh[cx]]
2 d3 . 2 d3

Result (type 4, 752 leaves):
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a2 a2 a?loglcx] a’log[1l+c?x?]
+ + - +
4 (14c2x2)? 2 (142 h 2°
L 55 (VI+cDx® +iArcsinh[cx]) Si (iVIrcx +Arcsinhlcx] ]
—2ab N
E 16 (-1-1icx) : 16 (i +cx)

(-2i+cx) V1i+c?2x? +3ArcSinh[cx] (2i+cx) V1+c?2x? +3ArcSinh[cx]
- +

48<—j+cx)2 48(1’1+cx)2

(ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinniexl]) _polylog[2, e 2Aresinhiex)]) o

AR N|R

(—3 i swArcSinh[cx] - ArcSinh[cx]? - (214 7+ 4ArcSinh[cx]) Log[1+ i e Aresinhiexl ],

41 log[l+efresinMicx]] 424 log|[-Cos[~ (rr+21iArcSinh[cx])]] -

AR

1 .
41 Log[Cosh[ = ArcSinh[cx] || +4PolyLog[2, -1 e Aresinhiex) ] 4
2
1 .
= (—J‘lﬂAr‘cSinh[c x] - ArcSinh[cx]? - (-2i 7+ 4ArcSinh[cx]) Log[1 - i e Aresinhiex]]

41 Log[1l+efresiniex)] 4 5 Log [Cosh[l ArcSinh[cx] || -
2

1 .
2 log[Sin[ = (r+21iArcSinh[cx])]]| +4PolylLog[2, i e resimniexl ]|
4
1 b2 |1 3 2 4 cxArcSinh[cx] 32cxArcSinh[cx] 6ArcSinh[cx]?
i - - - "
24 d° 1+c2x? (1+c2x2>3/2 V1+c?x? (1+c2x2)2

12 ArcSinh[c x]?

- 16 ArcSinh[c x]3 - 24 ArcSinh[c x]? Log[1 + e 2Aresinhlex |,
1+c2x?

24 ArcSinh[cx]? Log[1 - e?Aresinhiex] ] 32 Log[+/1+c?x? | +

24 ArcSinh[c x] Polylog[2, - e 2Arsinhiex] ], 24 ArcSinh[c x] Polylog |2, e?Aresinhicx]]

12 Polylog [3, _ @ 2Arcsinh[cx] } - 12 PolyLog [3, @2 Arcsinh[cx] ]

Problem 184: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
j dx

x2 (d+c2dx2)3

Optimal (type 4, 389 leaves, 27 steps):

| 37
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b2 2 x bc (a+bArcSinh[cx]) 7bc (a+bArcSinh[cx])
Ld(1+2x2) gd (1+c2x2)3? _ 4d3V1+c2x? _
(a+bArcSinh[c x])2 5c?x (a+bArcSinh[c x])2 15c?x (a+bArcSinh[c x])2
d3x(1+c2x2>2 i 4d3 (1+c2x2)2 ) 8d® (1+c2x?)
15c (a+bArcSinh[cx] )zArcTan[eA"Si”h[cxw X 11 b2 c ArcTan[c X] )
4 d3 6d*
4bc (a+bArcSinh[cx]) ArcTanh | eAresinhlcx] | 2 b? c PolyLog[2, - eArcsinhicx] | X
d? d?
15ibc (a+bArcSinh[cx]) Polylog[2, - i eAresinhicx] ]
ad .
15ibc (a+bArcSinh[cx]) Polylog [2, i eAresinhicx] ] . 2b2 cPolylog|2, efresinhicx] | )
443 d3
15 i b? c Polylog|[3, - i eAresinhicxI ] 15 b2 c Polylog|3, i eAresinhicx]]
443 : 443

Result (type 4, 856 leaves):



a? a?c?x 7 a2 c?x 15 a? c ArcTan[c x]
- - - +
d>*x 443 (1+c2x2>2 8d3 (1+c2x2) 8d3
1 7 (\/1+c2x2 + 1 ArcSinh[c x]) ArcSinh[c x]
—2abc - -
d3 16 (-1-1icXx) cx
7 (Ji.\/1+C2X2 +Ar‘cSinh[cx]) i ((—21‘1+cx) V1+c2x? +3Ar‘cSinh[cx})
+ _
16 (i +cx) 48 (-i+cx)?
1 ((21‘1+cx) V1+c2x? +3Ar‘cSinh[cx])
+Lloglcx] - Log[l++/1+c?x? | -
48 (i+cx)?
15 .
! (BjﬂArcSinh[c x] +ArcSinh[cx]?+ (21 +4ArcSinh[cx]) Log[1+i e Aresinhlex]]
32
. 1
41 log[l+efresinicx)] 24 rlog|[-Cos[~ (rr+21iArcSinh[cx])]] +
4
1 .
4 i 7 Log[Cosh[ = ArcSinh[cx]]] - 4PolyLog[2, -i e Aresinhicx ]|
2
15 .
=i (J’L mArcSinh[cx] +ArcSinh[cx]?+ (-2 & 7+ 4ArcSinh[cx]) Log[1 - i e Aresinhliex]]
32
. 1
41 Log[1l+efresinniex)] 4 44 5 Log[Cosh|[ = ArcSinh[cx]]] +
2
1 .
2iLlog[Sin[ = (r+2iArcSinh[cx])]] -4PolyLog[2, i e resinniexi] )
4
1 b2 2cx 4 ArcSinh[c x] 42ArcSinh[cx] 6cxArcSinh[cx]?
C — — — —
24 d3 1+c2x? <1+c2)(2>3/2 V1+c2x2 (1+C2X2)2

Problem 185: Result unnecessarily involves complex numbers and more than

Mathematica 11.3 Integration Test Results for 7.1.4a (f x)~"m (d+c”~2 d x~2)"~p (a+b arcsinh(c x))”n.nb

21 c x ArcSinh[c x]? 1 .
+ 88 ArcTan|[Tanh[ = ArcSinh[cx] || -
1+c2x? 2

1 .
12 ArcSinh[c x]? Coth[ = ArcSinh[c x] | + 48 ArcSinh[c x] Log[1 - e Aresinhlexl]
2

45 i ArcSinh[cx]? Log[1 - i e Aresinhlex] ] _ 45§ ArcSinh[c x]? Log[1 + i e Aresinhiex]] _
48 ArcSinh[c x] Log[1 + e Aresinhlexl ] 4 48 polylog[2, —e Aresinniex) | 4

| 39

90 i ArcSinh[c x] Polylog[2, -i e #"simhlcx]] _ 9@ j ArcSinh[c x] Polylog|2, i e Aresinhlex)]

48 Polylog[2, e Aresinhlexl] 99 i Polylog|3, -i e Aresinhlex]] _

. 1
90 i Polylog|[3, i e A"siM(cx]] 1 12 ArcSinh[c x]2 Tanh| = ArcSinh[c x] |
2

twice size of optimal antiderivative.

J(a +bArcSinh[c x] )2

dx
x3 (d+c2dx2)3

Optimal (type 4, 381 leaves, 23 steps):
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b2 2 bc (a+bArcSinh[cx]) 5bc®x (a+bArcSinh[cx])

12d® (1+c?x?) dx (1+c2x?)>? 6 (1+c2x2)%?

+

4bcx (a+bArcSinh[cx]) 3c? (a+bAr‘cSinh[cx])2 (a+bAr‘cSinh[cx])2

3d3V1+c2x? 4d3 (1+c2x2)2 2 d3 x2 (1+c2x2)2
3c? (a+bArcSinh[cx])? 6c? (a+bArcSinh[cx])?ArcTanh[e2Arcsinhicx] |
2d° (1+c?x?) : d3 :
b2 c2Log[x] 7b*c’log[l1+c*x?] 3bc?(a+bArcSinh[cx]) PolylLog|2, -e2Arcsinhicx]]
e 6 d3 ' o3 )
3bc? (a+bArcSinh[cx]) Polylog|2, e?Arcsinhicx] ]
d3

3 p2 2 PolyLog {3’ _ g2 ArcSinh[c x] ] 3 p2 2 PolyLog [3, e? ArcSinh[c x] ]
+

2d3 2d3

Result (type 4, 872leaves):
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2 a?c? a2 c? 3a2c?Log[x]
- - - +

72d3x2 443 (1+c2x2)2 d3 (1+c2x2) d3

a

3a2c?log[1+c?x?] 1 cz((ZJi—cx) \V1+c?x? —3Ar‘cSinh[cx])
+—2ab |- -
2d° d? 48 (-i+cx)?

91 c? (\/1+c2x2 +J'1Ar‘cSinh[cx}) 91 c3 (J’l\/1+c2x2 +Ar‘cSinh[cx])

16(—1—1‘1cx) 16(1’1c+c2x>

xV1+c2x2 +ArcSinh[cx] cz((211+cx) 1+c2x2+3Ar‘cSinh[cx])

+ —

2 x? 48(1’1+cx)2

? (Arcsinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinniexl]) _polylog[2, e 2Aresinhicx)])

AlwN |w
)

2 [3 i ArcSinh[cx] +ArcSinh[cx]?+ (247 +4ArcSinh[cx]) Log[1+ i e Aresinhiex)]

41 Log[1+efresinnlex]] _ 2 ;Log|[-Cos[~ (m+2iArcSinh[cx])]] +

FNQUPN

41 rLog [Cosh [ 1 ArcSinh[c x] ] } 4 PolyLog[ i @ Arcsinhlcx] ] 4
2

3
=c? [J‘l nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1 - i e Aresinhlex]]
4

41ilog[1l+efresiniext] 44 5 Log [Cosh[l ArcSinh[cx] || +
2

2 Llog[Sin[~ (r+2iArcSinh[cx])]] -4PolyLog[2, i e Aresinniexi] |

IS

leCZ

; -3 ArcSinh[cx] PolylLog[2, - e 2Arsinhex]] _ 3 ApcSinh[c x] PolyLog[2, e2Aresinhlex] ]
d

5 2 4 cxArcSinh[cx] 56 cxArcSinh[cx]
-3im+ + + -

2 2 3/2
1+c2x (1+c2x?) Vive2x?

24~/ 1+c?x? ArcSinh[cx] 12ArcSinh[cx]? 6ArcSinh[cx]?

24

cx e x? (1+c2x2)2

24 ArcSinh[c x]?

-, +48 ArcSinh[c x]® + 72 ArcSinh[c x]? Log |1 + e 2Aresinhlex) | _
1+cox

72 ArcSinh[c x]? Log[1 - e2Aresinhlex]] 4 24 | og[c x] - 56 Log[+/1 + c? x?

36 PolyLog[ —2 ArcSinh[c ] + 36 PolyLog [3, 2 ArcSinh[ ] ]

Problem 186: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

4 (d+c2dx2)3
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Optimal (type 4, 529 leaves, 43 steps):
b2 c2 b2 c2 b2 ¢4 x bc® (a+bArcSinh[cx])

_2d3X+6d3X (1+C2X2) * 12 d3 (1+C2X2) 6 d3 (1+C2X2>3/2

bc (a+bArcSinh[cx]) 29bc? (a+bArcSinh[cx]) (a+bArcSinh[c x])2

+ - +

3d3x2 (1+c2x2)%? 12d*V1+c2x? 3d3 %3 (1+c2x2)?

7c? (a+bArcSinh[cx])® 35c*x (a+bArcSinh[cx])? 35c*x (a+bArcSinh[cx])?
+

+

3d3x(1+c2x2)2 12 d3 <1+c2x2)2 8d® (1+c?x?)

35c? (a+bArcSinh[cx] )2 ArcTan [efresinhlcx] | 17 h2 ¢3 ApcTan [c x]
4d° i 6 d?
38bc® (a+bArcSinh[cx]) ArcTanh|efresinhicx] ] 19 b2 3 Polylog|2, - eAresinhicx] |
343 " 343 -

35ibc3 (a +bArcSinh[c x] ) PolylLog [2, _ { eArcsinh[cx] ]

4d3
35ibc? (a+bArcSinh[cx]) PolylLog|2, i efresinhicx]] 19 p2 ¢ Polylog|2, eAresinhicx] |

4d _ 3d2
351 b% c®Polylog|3, -1 efresinhiex] | 354 b2 c3 Polylog|3, i eAresinhicx] ]

4d3 ) 4

+

+

+

Result (type 4, 1161 leaves):

a? 3a2c? a?c*x 11 a% c* x 35a2% c3 ArcTan[c x]
- + + + +
3dx*  d’x 4d? (1+c2x?)° 84 (1+c2x?) 8 d3

+

1 cVirc2x2 jc3((2j1—cx)\/1+c2x2—3Ar‘cSinh[cx})
—2ab |- + _
d? 6 x? 48 (—Ji+cx)2

11¢3 (\/1+c2 x? +1i ArcSinh[c x]) ArcSinh[cx] 11¢* (Ji V1+c2x? +ArcSinh[c x])
- +
16 (-1-icx) 3x3 16 (i c+c?x)

i3 ((2i+cx) V1+c?x? +3ArcSinh[cx]
L ) 1

- =c3Llog[x] +
6

+

48 (1'1+cx)2

1C3L0g[1+ [1+CZX2 } *3C2 (—W+CLOg[X] *CLOg[1+ /1+C2X2]

6 X

+

35 .
—ic (3 imArcSinh[cx] +ArcSinh[cx]?+ (247 +4ArcSinh[cx]) Log[1+ i e Aresinhlex) ] _
32

41 Log[l+erresinnicx]] 2 yrlog|[-Cos[~ (rr+2iArcSinh[cx])]] +

FNQUPN

1 .
4 i Log[Cosh[ = ArcSinh[cx] || -4PolyLog[2, -i e"“‘csmh[”]]) -
2
35 . 5, ; : 2 : ; . -ArcSinh
~ic [17TAI"CSlnh[C x] +ArcSinh[cx]?+ (-2i 7+ 4ArcSinh[cx]) Log[1- i e Aresinhlex]]
32

41imlog|l+erresinhlexi] a4 57 Log[Cosh[l ArcSinh[cx] || +
2
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1 .
2 rlog[Sin[~ (r+2iArcSinh[cx])]]| -4PolyLog|2, je*A"CSI”“[C“}) +
4
b2 3 ArcSinh[c x] 11 ArcSinh[cx] cxArcSinh[cx]? -2cx+33cxArcSinh[cx]?
— b c + + +
d? 6 (1+c2x?)%? 41+ 2x? 4 (1+c2x?)? 24 (1+c2x?)
1 1 . . 2 1 :
— [—2 Cosh|[ = ArcSinh[cx] | + 19 ArcSinh[c x]2 Cosh| = ArcSinh[c x] |
12 2 2
1 ) 1 ) 1 ) 2
Csch[fAr'cSmh[c x}] - — ArcSinh[c x] Csch[fAr'cSmh[c x}] -
2 12 2

1 ) 5 1 ] 1 . 2
— ArcSinh[c x] Coth[fAr‘cSmh[c X] ] Csch[fAr‘cSmh[c x]} +
24 2 2

38 1 1 .

—1i (— ~ i ArcSinh[cx]?- = i ArcSinh[c x] Log[1 + e Aresinhlex] ]
3 8 2

1 . 38
~ i Polylog[2, - e Arcsinhicx]] ) =i

1 .
= i ArcSinh[cx] Log[1 - e Aresinhlex] ] _
2 3

2

1 1 .
—1i [— = ArcSinh[c x]? + Polylog|2, e Aresinhiex] ] ) ] -
2 4

1 .
—i (—136 i ArcTan[Tanh| = ArcSinh[cx] ]| + 105 ArcSinh[c x]? Log |1 - i e Aresinhlex]] _
2
105 ArcSinh[c x]? Log[1 + i e A"iMh x| 4 210 ArcSinh[c x] Polylog |2, - i e Aresinhlexl]
210 ArcSinh[c x] PolyLog {2) i @-Arcsinh[cx] } .
210 Polylog[3, -i e Aresinhicxl] _ 210 PolyLog|3, i e Aresinhicx]| J -
1 . 1 . 2 1 1 .
— ArcSinh[c x] Sech| = ArcSinh[cx]|" + — Sech[ = ArcSinh[c x] |
12 2 12 2

1 1
2Sinh[ = ArcSinh[cx] | - 19 ArcSinh[c x]? Sinh[ = ArcSinh[c x] | ) -
2 2

1 ‘ , 1 2 1
— ArcSinh[c x]?Sech|[ = ArcSinh[cx]|" Tanh[ = ArcSinh[cx] |
24 2 2

Problem 260: Result more than twice size of optimal antiderivative.

ArcSinh[ax]?
J— dx

c+a’cx?
Optimal (type 4, 174 leaves, 10 steps):

2 ArcSinh[a x]3 ArcTan [eA"CSinh[a x] }

ac

31 ArcSinh[ax]2Polylog[2, - i efresinhlaxl | 3§ ArcSinh[ax]2 Polylog|2, i eAresinhiax]]
+ +
ac ac

6 i ArcSinh[ax] Polylog|3, - i efrcsinhiax]] 6 j ArcSinh[ax] Polylog|3, i eAresinhlax]]

ac ac

6 i PolylLog [4, _{ eArcsinhax] } 6 i PolylLog [4, i @ArcSinhax] ]
+
ac ac
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Result (type 4, 454 leaves):

- i |7 7*+81 73 ArcSinh[ax] + 24 n® ArcSinh[ax]? - 32 i mArcSinh[ax]3 - 16 ArcSinh[ax]* +
64ac

8i s Log[1+i e Aresinhiax]] , 48 52 ArcSinh[ax] Log[1 + i e Aresinhiax)|
96 i s1ArcSinh[ax]? Log[1+i e Aresinhiaxl] _ 64 ArcSinh[ax]? Log[1 + i e Aresinhlax]
48 7® ArcSinh[ax] Log[1 - i e"sihax]] 1 96 j yr ArcSinh[ax]? Log[1 - i efresinhlax]] _
8i s Log[1+i eAresiMiaxl] 4 64 ArcSinh[ax]® Log[1 + i eAresinhiax]]
81’ Log{Tan[“rl (m+21iArcSinh[ax])]|] -48 (7T—21'1Ar'cSinh[ax])2
PolyLog[2, -1 e reiM(ax]] 4 192 ArcSinh[a x]? Polylog|2, - i efresinhiaxl|
48 7* Polylog|2, i e™sinhlax]] 1 192 i s ArcSinh[ax] PolyLog|[2, i efresinhlax]
192 i s PolyLog[3, - i e AresiM(ax]] , 384 ArcSinh[ax] PolyLog[3, -i e Aresinhiax]] _
384 ArcSinh[ax] Polylog|3, -i eA"i"Max]]| _192 i s Polylog|3, i eAresinhiax]]

384 PolyLog[4, - i e Arsinh(ax]] ;384 polylog|4, -i eAresinhiax]]

Problem 277: Result unnecessarily involves imaginary or complex numbers.
ArcSinh[ax]3
j— dx
X1+ atxe
Optimal (type 4, 88leaves, 7 steps):
; V1+a?x? ArcSinh[ax]?

X

-aArcSinh[ax]

+3aArcSinh[ax]? Log[1 - e2Aresinhlaxi]

. 3 ;
3aArcSinh[ax] PolylLog[2, e?Aresinhlaxl] _ = 3 polylog|3, e?Arcsinhiax] ]|
2

Result (type 4, 97 leaves):
; 8V1+a’x® ArcSinh[ax]?

ax

1
—a
8

i 73 - 8 ArcSinh[a x]

+24ArcSinh[ax]? Log |1 - e2Aresinhiax] ]

24 ArcSinh[ax] PolylLog|2, e?Arsin[2x]] _ 12 polylog|3, e?Arcsinhiax] |

Problem 386: Attempted integration timed out after 120 seconds.

J x dx
(1+c2x?)%? (a+bArcSinh[cx])?

Optimal (type 8, 28 leaves, 0 steps):

Int| X » X]

(1+c2x2)3/2 (a+bArcsinh[c x])2

Result (type 1, 1leaves):

???
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Problem 391: Attempted integration timed out after 120 seconds.

X3
dx
J(1 +c2x?)*? (a+bArcSinh[cx])?

Optimal (type 8, 30leaves, 0 steps):

3
Int| . » X]
(1+c2x?)*? (a+bArcSinh[cx])?

Result (type 1, 1leaves):
22?

Problem 393: Attempted integration timed out after 120 seconds.
X

J(1+c2 XZ)S/Z (a+bArcsinh[cx] )2

dx

Optimal (type 8, 28 leaves, 0steps):

Int| X » X]

(1+c2x?)*? (a+bArcSinh[cx])?

Result (type 1, 1leaves):

2P

Problem 395: Attempted integration timed out after 120 seconds.
J 1
X (1+c? x2)5/2 (a+bArcSinh[cx] )2

dx

Optimal (type 8, 30leaves, 0 steps):
1

Int| » X]

X (1+c2x2)5/2 (aerAr‘cSinh[cx])2

Result (type 1, 1leaves):

PP

Problem 481: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)3/2 (a+bArcsinh[cx])
J dx

(d+icdx)>?

Optimal (type 3, 364 leaves, 9 steps):
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4ibf4 (1+c2x2)5/2

3¢ (J’l—CX) (d+1‘1cdx)5/2 (f—]’leX)S/Z

b f4 <1+c2x2)5/2Ar‘cSinh[cx]2 214 (1—1’1cx)3 (1+c2x?) (a+bArcSinh[cx])
+

2¢ (d+1’1cdx)5/2 (F—icfx)S/z 3¢ (d+1‘1cdx)5/2 (-F—Jic-Fx)S/2
2i f* (1-1icx) (1+c2x2)2 (a+bArcSinh[cx])

C (d+1‘1cdx)5/2 (f—]’lCFX)S/Z

+

£4 (1+c2x2)5/2Ar‘cSinh[cx] (a+bArcSinh[cx]) 8b f* (1+c2x2)5/2 Log[1i - c X]
+
c(d+icdx)®? (f-icfx)®? 3c(dvicdx)®? (f-icfx)®?

Result (type 3, 876 leaves):
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id(-1+cx \/—Jif i+cx (— 4iaf 8af )
\/ (-i+cx) (i+cx) 3% (circx)2 3P (“iscx)
+

c

af3/2Log[cdfx+\/?ﬁ\/jd (-i+cx) \/7]1‘F<JI+CX> ]

cd>/?2
( b-F\/ 1d+cdx \/—]i.(j.'F+C'FX) \/—df(1+c2x2)

Cosh [ ArcSinh[c x] ] -1 Sinh [ 1 ArcSinh[c x] }
2 2

2ArcTan[Coth[1ArcSinh[c x]|] -itLog[yJ1+c2x? | +Cosh[lAr‘cSinh[c x] |
2 2

(4+3]‘1Ar‘cSinh[c x] —6jAr‘cTan[Coth[lAr‘cSinh[c x]]] +3Log[+/1+c*x* |
2
2 [\/1+C2 x? |ArcSinh[c x] +2Ar~cTan[Coth[1Ar‘cSinh[c x]|] +iLog[y1+c2x? }) +

2

2 (Ji +ArcSinh[c x] +2Ar‘cTan[Coth[1Ar‘cSinh[c x]|] +iLog[yJ1+c2x? |

2

)/{6cd3<i+cx)\/(id+cdx) (if+cfx)

4

+

3
(—J‘L Cosh[— ArcSinh[c x] } [Ar‘cSinh [cXx] -
2

+

Slnh[ ArcSinh[c x] }
2

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh|[ = ArcSinh[cx] |
2 2

(bf\/ ~idrcdx) f-i (ifecfx) [-df (1+2x2)

1 1
Cosh [ g ArcSinh[c x] ] -1 Sinh [ E ArcSinh[c x] }

3
Cosh| = ArcSinh[cx] | ( (-14+ 3 i ArcSinh[c x]) ArcSinh[cx] -

2
28 ArcTan [Tanh [ : ArcSinh[c x] } ] +14 1 Log [\/ 1+c?x? ] +
2
Cosh[ ArcSinh[c x] ] [84 ArcTan [Tanh[ ArcSinh[c ]} ] -
2 2

i (8—6]‘1Ar‘cSinh[cx} +9 ArcSinh[cx]? + 42 Log[+/1 + ¢ x? })J +

1
2 [4 -4 1 ArcSinh[c x] + 6 ArcSinh[c x]2% + 56 1 ArcTan [Tanh [ — ArcSinh[c x] } ] +
2

28Log[\/1+c2x2 ] +\/1+c2x2

Tanh[lAr‘cSinh[c x]]] +14Log[\/1+c2x? })J Slnh[ ArcSinh[cx] |

2 2

ArcSinh[cx] (-14 i + 3 ArcSinh[cx]) +28 i ArcTan]|
)/ (12cd3
]

(i+cx) \/—<—Jid+cdx> (i f+cfx) (Cosh[lAr‘cSinh[cx}] +jSinh[lArcSinh[cx}]
2 2
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Problem 487: Result more than twice size of optimal antiderivative.

J<-Fjicfx)5/2 (a+bArcSinh[cx])

(d+]icdx)5/2

dx

Optimal (type 3, 472 leaves, 10 steps):

jbf5x<1+c2x2)5/2 81bf° (1+c2x2)5/2
. _

(d+icdx)®? (f-icfx)¥? 3c(i-cx) (d+icdx)”? (f-icfx)>?

5bf° (1+c2x?)>2ArcSinh[cx]?2 2if° (1-icx)* (1+c2x?) (a+bArcSinh[cx])
+

2c(d+jcdx)5/2(f—jcfx)5/2 3c<d+1‘1cdx)5/2 (F—J’lcfx)S/z )

101 f° (1-icx)? (1+c2x2)? (a+bArcSinh[cx]) 5if® (1+c2x?)? (a+bArcSinh[cx])

.
3c(d+icdx)®? (F-icfx)”? c(d+icdx)®? (f-icfx)>?

5F° (1+c2x?)”?ArcSinh[cx] (a+bArcSinh[cx]) 28bf5 (1+c2x?)*?Log[i - cx]
+

C (d+1’1cdx)5/2 (-F—Jicfx)S/z 3¢ (d+1’1cdx)5/2 (-F—ch-Fx)S/2

Result (type 3, 1412leaves):
\/jld(—11+cx) \/—Ji-F(JiJrcx) (—“fz— Biaf? _ ___28af )

d? 3d® (-i+cx)? 3d3 (-i+cx)
c
5a-F5/2Log[cdfx+\/?\/?\/jd (-i+cx) \/71'1-F(1'1+cx) ]
.
c d5/2

(jbfz\/]‘l (~idecdx) /-1 (if+cfx) \[-df (1+c2x)

1 1
Cosh[g ArcSinh[c x] ] -1 Sinh[g ArcSinh[c x] }

[—J’LCosh[gAr‘cSinh[c x] | (Ar‘csinh[c X] -

2Ar‘cTan[Coth[§Ar‘cSinh[c x]]] -1 Log[\/m}
(4+ 31 ArcSinh[cx] -6 jArcTan[Coth[%Ar‘cSinh[c x]]]+3 Log[\/lJrcizxz]
2 [\/1+c72x2 ArcSinh[c x] +2Ar‘cTan[Coth[§Ar‘cSinh[c x]|]+1 Log[\/m}) +
2 (]1 +ArcSinh[c x] +2Ar‘cTan[Coth[§Ar'cSinh[c x]]] +1 Log[\/m]

]/[6cd3<i+cx)\/—(—id+cdx) (if+cfx)

4

1
+ Cosh[ = ArcSinh[cx] |
2

+

1
Sinh[ = ArcSinh[cx] |
2

1 1
Cosh [ — ArcSinh[c x] ] +1 Sinh [ — ArcSinh[c x] }
2 2

(bfz\/j (~idecdx) /-1 (if+cfx) [-df (1+c2x)

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh{; ArcSinh[cx] |
2

3
Cosh|[ = ArcSinh[c x] | ( (-14+3 i ArcSinh[cx]) ArcSinh[cx] -
2
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+

28 ArcTan [Tanh[lAr‘cSinh[c x]|] +14 1 Log[~/1+c?x? |

2

1 . 1 .
Cosh| 5 ArcSinh[cx] | [84 ArcTan|[Tanh| N ArcSinh[cx] | ] -

i (8—61’1Ar‘cSinh[cx} +9ArcSinh[cx]?+42 Log[+/1 +c? x? })) +

1
2 [4—4 i ArcSinh[c x] + 6 ArcSinh[c x]?+ 56 i ArcTan|[Tanh|[ = ArcSinh[cx]]] +
2

28Log[\/1+c2x2 ] +\/1+c2x2

ArcSinh[cx] (-14i +3ArcSinh[cx]) +
28 JiAr'cTan[Tanh[lAr'cSinh[c x]]] +14Log[\/1+c2x? ]

: |
]/ [6cd3 livex) [~ (~idrcdx) [ifrcfx)
1 1 4
Cosh[;Ar‘cSinh[c x] |+ iSinh[;Ar‘cSinh[c x] | ] +

(jbfz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1
Sinh| = ArcSinh[cx] |
2

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |
2 2

5 5
(—3 Cosh [ — ArcSinh[c x] } +3 1 ArcSinh[c x] Cosh [ — ArcSinh[c x] } -
2 2

3
Cosh[ = ArcSinh[cx] | [9 +351 ArcSinh[c x] + 9 ArcSinh[c x]? -
2

52 i ArcTan [Co‘ch[1 ArcSinh[cx] || +26 Log[+/1+c?x? |

2

+

1
Cosh| = ArcSinh[cx]] [2@ - 24 1 ArcSinh[c x] + 27 ArcSinh[c x]% - 156 i
2

Ar‘cTan[Coth[E ArcSinh[cx] || + 78 Log[+/1+c?x? }) +201 Sinh[lAr'cSinh [ex]] -
2 2

1 1
24 ArcSinh[c x] Sinh [ — ArcSinh[c x] } +27 i ArcSinh[c x]2 Sinh [ — ArcSinh[c x] } +
2 2

1 . . 1 .
156 ArcTan [Coth [ ; ArcSinh[c x] } ] Sinh [ ; ArcSinh[c x] ] +

1 3
78 i Log[+/1+c*x? | Sinh[ = ArcSinh[cx] | +9 i Sinh[ = ArcSinh[cx]] +
2 2
3 3
35 ArcSinh[c x] Sinh|[ = ArcSinh[c x] | +9 i ArcSinh[c x]? Sinh| = ArcSinh[cx]] +
2 2

1 3
52 ArcTan [Coth [ g ArcSinh[c x] ] } Sinh [ g ArcSinh[c x] } +
26 i Log[~/1+c?x? | Sinh[iAr‘cSinh[c x]| -
2

5 5
31 Sinh[f ArcSinh[c x] } + 3 ArcSinh[c x] Sinh [ — ArcSinh[c x] }
2 2

[12cd3 (i+cx) /- (-id+cdx) (if+cfx)

|/
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|

Problem 500: Result more than twice size of optimal antiderivative.

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh|[ = ArcSinh[cx] |
2 2

(d+1icdx)®? (a+bArcSinh[cx])
J dx

(F-icfx)>?

Optimal (type 3, 470leaves, 10 steps):

ibdSx (1+c2x2)®? 8ibd® (1+c2x2)%?
- s -
(d+icdx)®? (f-icfx)>? 3c(i+cx) (d+icdx)? (f-icfx)>?

5bd® (1+c2x?)*2ArcSinh[cx]2 2id® (1+icx)* (1+c2x?) (a+bArcSinh[cx])

2¢ (d+1’1cdx)5/2 (-F—Jic-Fx)S/2 3¢ <d+j1cdx)5/2 (F—jcfx)S/z

+

10 i d° <1+J'1cx)2 (1+c2X2)2 (a+bArcSinh[cx]) 5id® (1+c2x2)3 (a+bArcSinh[cx])
+

.
3c(d+icdx)>? (F-icfx)”? c(d+icdx)®? (f-icfx)>?

5d° (1+c2x?)>?ArcSinh[cx] (a+bArcSinh[cx]) 28bd5 (1+c2x?)*?Log[i +cX]

N
C (d+J’1cdx)5/2 ('F—]iC‘FX)S/Z 3¢ (d+1’1cdx)5/2 (-F—ch-Fx)S/2

Result (type 3, 1331 leaves):

\/J'ld(—11+cx) x/—]'l'F(J'l+Cx> (ii3dz+ 8iad? _ _ 28ad )

33 (1+cx)? 33 (1+cx)

5ad5/2Log[chx+\/?\/?\/id<7j+cx) \/71'1-F(j1+cx) ]

c f°/2

(jbdz\/j (~idecdx) +[-i (if+cfx) \[-df (1+c2x)

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

—Cosh[zAr‘cSinh[c x] | [Ar‘csinh[c X] -
2Ar‘cTan[Coth[§Ar‘cSinh[c x]]]+1 Log[\/m}
(41'1 +3ArcSinh[cx] —6Ar‘cTan[Coth[%Ar‘cSinh[c x]|]+31 Log[\m]
2 [Vavew
2 (1+ i ArcSinh[cx] +2 jArcTan[Coth[%ArcSinh[c x]]] + Log[\/l+c72x2]

]/[6cf3 (1+J’ch)\/—(—id+cdx) (1f+cfx)

4

1
+ Cosh[ = ArcSinh[cx] |
2

+

+

i ArcSinh[c x] + 2 i ArcTan [Coth[lAr‘cSinh [ex]]] +Log[+/1+c?x? |
2

|

1
Sinh[ = ArcSinh[cx] |
2

+

1 1
Cosh [ ; ArcSinh[c x] ] -1 Sinh [ E ArcSinh[c x] }

(bdz\/j (~idecdx) /-1 (if+cfx) \[-df (1+c2x)
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1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

3
Cosh| = ArcSinh[cx] | ( (14 i - 3ArcSinh[cx]) ArcSinh[cx] +
2

28 i ArcTan [Tanh[1 ArcSinh[cx]|] - 14 Log[+/1+c? x|

2

+

1
Cosh [ — ArcSinh[c x] ] [8 +6 1 ArcSinh[c x] + 9 ArcSinh[cx]? -
2

84 i ArcTan [Tanh[1 ArcSinh[cx]|] +42Log[+/1+c?x? |

2

1
21 [4 +4 i ArcSinh[c x] + 6 ArcSinh[c x]2-56 1 ArcTan [Tanh[f ArcSinh[c x] ] } +
2

28 Log[\/1+c2 x? | +\/1+c2 x> |ArcSinh[cx] (14 i +3ArcSinh[cx]) -
28JiAr‘cTan[Tanh[lAr‘cSinh[c x]]] +14Log[\/1+c2x? |

: |

J/[GC'F3 (1+J’1cx)\/—(—id+cdx) (if+cfx)

|

(jbdz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1
Sinh[ = ArcSinh[cx] |
2

1 1
Cosh [ ; ArcSinh[c x] ] -1 Sinh [ g ArcSinh[c x] }

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

3
-Cosh [ — ArcSinh[c x] ] [9 - 351 ArcSinh[c x] + 9 ArcSinh[cx]? +
2

52 i ArcTan [Co‘ch[1 ArcSinh[cx]|] +26 Log[+/1+c?x? |

2

1 .
+ Cosh [ — ArcSinh[c x] }
2

1
(20 +24 i ArcSinh[c x] +27 ArcSinh[c x]? + 156 i ArcTan [Coth[ =~ ArcSinh[cx] | ] +
2

78 Log[+/1+c? x? |

1
2 (13+7 i ArcSinh[c x] + 18 ArcSinh[c x]2 + 104 i ArcTan[Coth| = ArcSinh[cx]]] +
2

-1 [3 (-1 +Arcsinh[cx]) Cosh[EAr'cSinh[c x] |+
2

3i (i+ArcSinh[cx]) Cosh[2ArcSinh[cx]] +52 Log[\/lJrc2 x? ] Jr\/1+c2 x2

1
[6 +38 1 ArcSinh[c x] + 9 ArcSinh[c x]2 +52 1 ArcTan [Coth [ — ArcSinh[c x] } ] +26
2

Log[m} ))/

- . 1 . S .
\/—<—1d+cdx> (i f+cfx) [Cosh[=ArcSinh[cx]]-iSinh[=ArcSinh[cx] |
2 2

12cf (-1+cx
( )

1
Sinh[ = ArcSinh[cx] |
2

]

Problem 501: Result more than twice size of optimal antiderivative.
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J<d+jcdx)3/2 (a+bArcSinh[cx])
(f-icfx)®?

dx

Optimal (type 3, 362 leaves, 9 steps):
41 bd* (1+c2x2)5/2

3¢ (i+cx) (d+1‘1cdx)5/2 ('F—]lC‘FX)S/Z

bd* (1+c2x?)>?ArcSinh[cx]2  2id* (1+icx)’ (1+c2x?) (a+bArcSinh[cx])

2¢ <d+j1cdx)5/2 (F—J’lc-Fx)S/z 3¢ (d+]lcdx)5/2 (F—Jic-Fx)S/z

2id* (1+icx) (1+c2x?)? (a+bArcSinh[cx])

.
c(d+icdx)>? (f-icfx)*?

d* (1+c2x?)> 2 ArcSinh[cx] (a+bArcSinh[cx])  8bd* (1+c2x2)*?Log[i +cx]

+

+

c (d+1’1cdx)5/2 (f—]iC'FX)S/z 3¢ (d+1’1cdx)5/2 (-F—Jic-Fx)S/2

Result (type 3, 877 leaves):
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id(-1i+cx \/—Jif i+cx ( Aiad _ __Bad )
\/ ( i ) ( " > 3F3 (i+cx)2 33 (i+cx)

C

ad3/2Log[cdfx+\/?ﬁ\/jd (-i+cx) \/7]1‘F<JI+CX> ]

c f5/2
( bd\/ 1d+cdx \/—]i.(j.'F+C'FX) \/—df(1+c2x2)

Cosh [ ArcSinh[c x] ] + 1 Sinh [ 1 ArcSinh[c x] }
2 2

2ArcTan[Coth[1ArcSinh[c x]|]+iLog[yJ1+c2x? | +Cosh[lAr‘cSinh[c x] |
2 2

(41’1+3Ar‘cSinh[c x] —6Ar‘cTan[Coth[§Ar‘cSinh[c x]|]+31 Log[m]
2 (m i ArcSinh[c x] +ZjArcTan[Coth[gAr‘cSinh[c x]|]+ Log[m]
2 (1+ i ArcSinh[cx] +2 JiAr‘cTan[Coth[iAr‘cSinh[c x]]]+ Log[m]

]/[6c-F3 (1ricx) [~ [-id=cdx] [ifrcfx]

4

+

3
- Cosh [ — ArcSinh[c x] ] [Ar‘cSinh [cx] -
2

+

+

Slnh[ ArcSinh[c x] }
2

1 1
Cosh| = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |
2 2

(bd\/ ~idrcdx) f-i (ifecfx) [-df (1+2x2)

1 1
Cosh [ — ArcSinh[c x] ] +1 Sinh [ — ArcSinh[c x] }
2 2

+

3
Cosh| = ArcSinh[cx] | ( (14 i - 3ArcSinh[cx]) ArcSinh[cx] +
2

28 i ArcTan [Tanh[1 ArcSinh[cx]|] - 14 Log[+/1+c?x? |

2

+

1
Cosh [ — ArcSinh[c x] ] [8 +6 1 ArcSinh[c x] + 9 ArcSinh[c x]? -
2

84 i ArcTan [Tanh[1 ArcSinh[cx]|] +42Log[+/1+c?x? |

2

1
21 [4 +4 1 ArcSinh[c x] + 6 ArcSinh[c x]2? - 56 1 ArcTan [Tanh [ — ArcSinh[c x] ] } +
2

28Log[\/1+c2x2 ] +\/1+c2x2

Tanh[lArcSinh[c x]]] +14Log[\/1+c2x? })J Slnh[ ArcSinh[cx] |

2 2

ArcSinh[cx] (14 i +3ArcSinh[cx]) - 28 i ArcTan|

)/

1 1
Cosh [ — ArcSinh[c x] } -1 Sinh [ — ArcSinh[c x] ]
2 2

12 c 3

)

(1+1‘ch>\/—<—jd+cdx) (i f+cfx)




54 | Mathematica 11.3 Integration Test Results for 7.1.4a (f x)™"m (d+c~2 d x~2)~p (a+b arcsinh(c x))”~n.nb

Problem 516: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)3/2 (aerAr‘cSinh[cx])2
J dx

(d+1‘1cdx)3/2

Optimal (type 4, 752 leaves, 23 steps):

2iabfix (1+c2x?)%? 21b2F (1+c2x?)?
- s -
(d+icdx)®? (f-icfx)¥? c(d+icdx)>? (f-icfx)*?

2ib2f3x (1+c2x?)>?ArcSinh[cx] 41> (1+c2x?) (a+bArcSinh[cx])?
+ +
(d+1’1cdx)3/2 (-F—Jic-Fx)3/2 c (d+]‘1cdx)3/2 (f—jcfx)3/2

4£3x (1+c2x?) <a+bAr‘cSinh[cx])2 43 (1+c2x2)3/2 (aerAr‘cSinh[cx])2
+ +
(d+icdx)®? (f-icfx)?? c(d+icdx)®? (f-icfx)*?
i (1+c2x?)? (a+bArcSinh[cx])? £ (1+c2x?)”? (a+bArcSinh[cx])?

c (d+1’1cdx)3/2 (F—J’lc-Fx)3/2 bc (d+1’1cdx)3/2 (-F—Jic-Fx)3/2

161 bf? (1+c2x2)*? (a+bArcSinh[cx]) ArcTan[eAresinhicx] ]

c(d+icdx)®? (f-icfx)*?

8bf3 (1+c2 x2)3/2 (a+bArcSinh[cx]) Log[1 +e?Arcsinhicx] ]

c (d+1’1cdx)3/2 (F—jcfx)B/z

8 b2 f3 (1 +c2 xz) 32 polylog [2, -1 @hAresinhcx] ]

.
c(d+icdx)>? (f-icfx)*?

8b2 3 (1+c2x2)>? Polylog[2, i eAresinicx] | 42 £3 (1+c2x?)*?Polylog|2, - e2Arcsinhicx]]

C (d+1‘1cdx>3/2 (-F—Jic-Fx)3/2 C (d+]‘1cdx)3/2 (-F—Jicfx)3/2

Result (type 4, 1546 leaves):

\/jld(—j1+cx) \/—]'l'F(]'l+CX> (%+ﬁ)
- _
3a2f3/2Log[cd-Fx+\/?\/?\/jd(—1'1+cx) \/—Ji'F(J'1+CX)]
cd3/2

(Zjabf\/j (~idecdx) [-i (if+cfx) [-df (1+c2x)

—cx+2ArcSinh[cx] ++/1+c?x? ArcSinh[cx] +

i ArcSinh[c x]? +4Ar‘cTan[Coth[lAr‘cSinh [ex]]] +21iLog[+/1+c?x? ]
2

+

1
Cosh|[ = ArcSinh[c x] |
P

+

—cx-2ArcSinh[cx] ++/1+c?x? ArcSinh[c x] + 1 ArcSinh[cx]?%+

4 ArcTan [Co‘ch[1 ArcSinh[cx]|] +21i Log[+/1+c?x? |

2

i

Sinh[lAr‘cSinh[c x] | ) ]/ (c d?
2
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\/—<—id+cdx> (i f+cfx) \m
(abej(fjmcdx) Joi (iFecfx) [-df (1+c2x2)

1
Cosh| = ArcSinh[cx] | (Ar‘csinh[c x] (-41+ArcSinh[cx]) +
2

8 i ArcTan [Tanh[l ArcSinh[cx]|] +4Log[y/1+c2x? |
2

i [Ar‘cSinh[c x] (41 +ArcSinh[cx]) +8JiAr‘cTan[Tanh[lAr‘cSinh[c x]]] +
2
4Log[+/1+c?*x? | ]/(cdz\/—<—jd+cdx) (i f+cfx)
\1+c?x? )—

(bzf\/ ~idrcdx) o[- (ifrcfx) [-df (1+2x2)

Cosh[ ArcSinh[cx] | + i Sinh| 1 ArcSinh[cx] |
2 2

) .

+

Slnh[ ArcSinh[c ]}
2

Cosh [ ArcSinh[c x] ] +1 Sinh [ 1 ArcSinh[c x] ]
2 2

1
Cosh| = ArcSinh[cx] | (6 i rArcSinh[cx] + (6-61i) ArcSinh[cx]?+ArcSinh[cx]?+

2
12 (- Ji7r+2Ar‘cSinh[c x]) Log[1- i e Arsinhlex]] _ 24 j st Log[1 + efresinhlex]]
241ﬂLog[Cosh[ ArcSinh[cx] || +12]’17rLog[Sin[1 (7r+2]1Ar‘cSinh[cx])H) -
2 4

1 . s 1 .
Cosh[f ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]

24 Polylog [2, i @-ArcSinh[cx] }
2 2

+

(—671Ar‘csinh[c x] - (6-61i) ArcSinh[c x]? + i ArcSinh[cx]? +12 (7 +2 i ArcSinh[cx])
Log[1 - i e Aresinhlexl] 4 24 ;1 og 1 + efresinhlex)] 24nLog[Cosh[ ArcSinh[cx]]] -
2

|/

1
JTLOg |>1n| — (/T+ 21 ArCS1nh[C X in rcsin
12 Log[Sin[ = (m+2 i ArcSinh| ])H]s h[ ArcSinh[c x] |
4 2

(3Cd2\/—(—j].d+cdx) (Ji'F+C'FX> A/ 1+ c?x?

1
Cosh[ = ArcSinh[cx] ]| +

2
! i
i Sinh| = ArcSinh[cx] | ]+
2
( ib?f fi (~id+cdx) \[-i(if+cfx) \[-df (1+2x)
1
Cosh| = ArcSinh[cx] | (—6ﬂArcSinh[c x] -6 cxArcSinh[cx] + (6+6 1) ArcSinh[cx]? +
2
2i ArcSinh[cx]?+3+/1+c?x? (2+ArcSinh[cx]?) +121Log[1 - i e Aresinhlex]]
24 i ArcSinh[c x] Log[ e—Ar‘cSlnh[cx]] +247TL0g[1+(EAPCS1nh[ ]} _

1 ) .l . .
24 rtLog[Cosh| — ArcSinh[cx] || - 12 Log[Sin[~ (r+2iArcSinh[cx])]]]| +
2 4
i [—67rAr‘cSinh[c x] -6 cxArcSinh[cx] - (6 -6 1) ArcSinh[c x]?+2 i ArcSinh[c x]? +

34/1+c?x? (2+ArcSinh[cx]?) +12Log[1- i e Aresimhiex] ] 4 24§ ArcSinh[c x]

Log[1 - i e Aresinhlicx] ] 4 24 ;7 og[1 + eAresiniex] | _ 24 7t Log[Cosh| 1 ArcSinh[cx] || -
2
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1 1
12 Log|[Sin[ =~ (7 +2 1 ArcSinh[c x])H) Sinh[;Ar‘cSinh[c x] ]+
4

. 1 1
24 Polylog|2, i e Aresinhiex]] (— i Cosh| = ArcSinh[cx] ]| +Sinh| = ArcSinh[cx] ]
2 2

(BCdZ\/—(—jd+cdx) (if+cfx) \J1+2x?

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

)/

|

Problem 517: Result more than twice size of optimal antiderivative.

J(ficfx)”z (a+bArcsinh[cx])? B
X
(d+1icdx)®?

Optimal (type 4, 580 leaves, 21 steps):
84 (1+c2x?) 5/2 (a+bArcsinh[cx] )2
- +

3¢ (d+1‘1cdx)5/2 ('F—JiC'FX)S/Z

£ (1+2x2)%? (a+bArcSinhcx])> 81ib2f* (1+c2 xz)S/ZCot[f+§jArcSinh[c x]]

3bc (d+1’1cdx)5/2 (f—icfx)wz 3¢ (d+]’1cdx>5/2 (F—J’lcfx)S/z

8if* (1+c2x2)>? (a+bAr‘cSinh[cx})2Cot[§+ijAr‘cSinh[cx}]

+

3¢ (d+1‘1cdx)5/2 ('F—JiC'FX)S/z

4bF* (1+c2x2)>'? (a+bArcSinh[cx]) Csc{f+§iAr‘cSinh[c x]}2

.
3c(d+icdx)®? (f-icfx)®?

21 (1+c2x?)°? (a+bAr‘cSinh[cx})2Cot[z+ ler‘cSinh[cx}]
4 2

a1 . 2
Csc[—+ — i ArcSinh[cx] |
4 2

32b 4 <1+c2 x2>5/2 <a+bAr'cSinh[c x]) Log[lJr]'leAr‘cSinh[cx]]

/(3c (d+icdx)®? (-F—Jic-Fx)S/z) N

.
3c(d+icdx)>? (F-icfx)*?

32b2F (1+c2x2)>'? Polylog[2, - i eAresinhicx] |

3c(d+icdx)®? (f-icfx)®?
Result (type 4, 1609 leaves):

\/]'ld(—]'L+CX) \/_]Il-F(j+CX> (_3d34(jiji:x)2_3d38(ifcx))
c
a2f3/2Log[cd-Fx+\/?\/?\/jd (-i+cx) \/—Ji-F(J'wrcx) ]
cd>/?

(jabf\/j (~idecdx) /-1 (if+cfx) \[-df (1+c2x)

+
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Cosh [ ArcSinh[c x] ] -1 Sinh [ 1 ArcSinh[c x] }
2 2

ZAPcTan[Coth[lArcSinh[c x]|] -iLog[\J1+c2x? | +Cosh[EAr‘cSinh[c x] |
2 2

(4+3]‘1Ar‘csinh[c ] - 611Ar‘cTan[Coth[ ArcSinh[cx]]] +3Log[y/1+c2x? ]
2
2 (\/1+C2 x? |ArcSinh[c x] +2Ar‘cTan[Coth[1Ar'cSinh[c x]|] +1Log[+/1+c?x? }) +
2
2 (1’1 +ArcSinh[c x] +2Ar‘cTan[Coth[1Ar'cSinh[c x]|] +iLog[yJ1+c2x? |
2

J/[Bcd3<i+cx)\/—(—id+cdx) (if+cfx)

]
(abf\/ ~idrcdx) of-i (ifscfx) o[-df (142

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh[; ArcSinh[cx] |
2

3
(—J’L Cosh[f ArcSinh[c x] } [Ar‘csinh [cXx] -
2

+

Slnh[ ArcSinh[cx] |
2

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

3
Cosh|[ = ArcSinh[cx] | ( (-14+3 i ArcSinh[cx] ) ArcSinh[c x] -

2
28 ArcTan|Tanh| 1 ArcSinh[cx]|] +14i Log[+/1+c2x? || +
2
Cosh[ ArcSinh[cx] ] [84 ArcTan {Tanh[ ArcSinh[cx]]] -
2 2

i (8—61’1Ar‘csinh[cx} +9ArcSinh[cx]?+42Log[+/1+c?x? })J +

1
2 [4—4 i ArcSinh[c x] + 6 ArcSinh[c x]2 + 56 JiAr‘cTan[Tanh[fAr‘cSinh[c X] } ] +
2

28 Log[\/1+c2 x? | +\/1+c2 x> |ArcSinh[cx] (-14 1 +3ArcSinh[cx]) +
28JiAr‘cTan[Tanh[lAr‘cSinh[c x]]] +14Log[\/1+c2x? | ]

2
J/[ch3<i+cx)\/—(—id+cdx) (if+cfx)

|

[ibzf(i+cx)\/i (-id+cdx) \/—Ji (if+cfx) \/—df(1+c2x2)

1
Sinh[ = ArcSinh[cx] |
2

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

2ArcSinh[cx] (-2 i +ArcSinh[cx])
(-1+1i) ArcSinh[cx]? - +
-1+cCX

2 (;+21iArcSinh[cx]) Log[1- i e AsiMcxI] _j v |ArcSinh[c x] - 4 Log |1+ efresinhiexl]

1 . .l . .
4Log[Cosh[;Ar‘c51nh[c x]]] +2Log[51n[; (m+21iArcSinh[cx])]] ]| +
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. 4 ArcSinh[cx]2Sinh[ % ArcSinh[cx] |
4 Polylog|2, i eAresinhlex)] 2 Tt
(Cosh [ i ArcSinh[c x] ] +1 Sinh [ i ArcSinh[c x] ] )

2 (4+Arcsinh[cx]?) Sinh[iAr‘cSinh [cx]]

Cosh[%Ar‘cSinh[cx]]+iSinh[iAr‘cSinh[cx]] /
{3cd3\/—(—jd+cdx) (if+cfx) /1+2x

1 1 .
Cosh[g ArcSinh[c x] ] -1 Sinh[; ArcSinh[c x] }

3

b% £ (i +cx) \/]i (-id+cdx) \/—i (i f+cfx) \/—df (1+c*x?)

7 wArcSinh[cx] - (7+7 i) ArcSinh[c x]? - i ArcSinh[cx]> +

2ArcSinh[cx] (-21i +ArcSinh[cx])

-14 (7 +21iArcSinh[cx]) Log[1 - i e Aresinhlex] ] _
l1+icx

28 71 Log |1 + eAresinhiex] ], 28 st Log[Cosh | 1 ArcSinh[cx] || +
2

14 7 Log|[Sin]| : (m+2iArcSinh[cx])|] +28 i Polylog|2, i e Aresinhlex]] _
4

4 i ArcSinh[c x]2 Sinh[%Ar‘cSinh [ex]]

N
(Cosh[iArcSinh [cx]]| +1Sinh| i ArcSinh[cx] | )3

2 (4+7ArcSinh[cx]?) Sinh[iArcSinh[cx]} /

—iCosh[%Ar‘cSinh[c x] | +Sinh[%Ar‘cSinh[c x] |
{3cd3\/—(—id+cdx) (if+rcfx) 1+

1 1
Cosh [ ; ArcSinh[c x] ] -1 Sinh [ g ArcSinh[c x] }

]

Problem 522: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)S/z (aerAr‘cSinh[cx])2
J dx

(d+icdx)?

Optimal (type 4, 972 leaves, 28 steps):
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81’1ab-F4x(1+c2x2)3/2 8 i b2 f4 (1+c2x2)2

(d+1‘1cdx)3/2 (f—]lcfx)3/2 C (d+1‘1cdx)3/2 (-F—jcfx)3/2

bZ-F“x(1+c2x2)2 b2 4 (1+c2x2)3/2ArcSinh[cx}

4 (d+1‘1cdx)3/2 (f—icfx)3/2 4c (d+j1cdx)3/2 (F—icfx)3/2

81ib2f x (1+c2x?)*?ArcSinh[cx] bcfix? (1+c2x?)*? (a+bArcSinh[cx])

N
(d+jcdx)3/2 (-F—jcfx)3/2 2 (d+]1cdx>3/2 (f—]’lcfx)3/2

2

8i 4 (1+c?x?) <a+bAr‘cSinh[cx])2 8f4x (1+c?x?) (a+bArcSinh[cx])
+
c (d+1’1cdx)3/2 (f—jcfx)3/2 (d+1‘1cdx)3/2 (-F—ch-Fx>3/2

+

8 f4 (1+c2x2>3/2 (a+bAr‘cSinh[cx]>2 41 f4 <1+c2x2)2 (a+bAr‘cSinh[cx])2
+

c (d+]’1cdx)3/2 (F—Jicfx)3/2 c(d+icdx 3/2 (F—icfx)3/2

4 x (1+c2x2>2 (aerAr'cSinh[cx})2 5 £4 (1+c2x2)3/2 (a+bAr‘cSinh[cx])3
2 <d+j1cdx)3/2 (-F—Jic-Fx)3/2 2bc (d+1‘1cdx)3/2 (-F—chfx>3/2

32ibft (1 +c? x2>3/2 (a + b ArcSinh[c x] ) ArcTan [eA'"CSi“h[CX]]

c(d+icdx)®? (f-icfx)??
16bf* (1+c2 x2)3/2 (a+bArcSinh[cx]) Log |1 +e?Arcsinhicx] ]

c (d+]lcdx>3/2 (F—Jic-Fx)3/2

16 b2 4 (1 +c2 x2> /2 polylog [2, — 1 ehresinhcx] }

.
c(d+icdx)>? (f-icfx)*?

16 b2 £ (1+ % x?) 32 polyLog (2, i efresinhiex] ] g8 b2 £4 (1+c2 x?) 32 polyLog [2, - e?Aresinhcx] ]

c (d+1’1cdx)3/2 (-F—chfx>3/2 c (d+1’1cdx)3/2 (-F—ch-Fx)3/2
Result (type 4, 2492 leaves):

id(-1+cCX -1f (1+cx 4ia’ft  alcfix , _8a'f
Jia e e liee | |

d? 2d? d? (-i+cx)
c
15a2-F5/2Log[cdfx+\/?\/?\/jd(—iucx) \/7]1f<]1+cx)]
2cd3/2 "

(4iabfz\/i (-idvcdx) [-i (if+cfx) \[-df (1+c2x)

-cx+2ArcSinh[cx] ++/1+c2x? ArcSinh[cx] +

i ArcSinh[c x]?2 +4Ar‘cTan[Coth[lAr‘cSinh [ex]]] +21Log[+/1+c?x? ]
2

1
Cosh]| N ArcSinh[cx] |

+

—cx-2ArcSinh[cx] ++/1+c?x? ArcSinh[cx] + 1 ArcSinh[c x]? +

4 ArcTan [Co‘ch[1 ArcSinh[cx]|] +21 Log[+/1+c?x? |

2

~(-id+cdx) (1 f+cfx 1+c2x?
( ) | )

i

Sinh[lAr‘cSinh[c x] | ) J/ (c d?
2

) .

1 . . 1 .
Cosh [ — ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]
2 2
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(abfz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1
Cosh|[ = ArcSinh[c x] | (Ar‘csinh[c x] (-4 1+ArcSinh[cx]) +
2

8 iAr‘cTan[Tanh[lAr‘cSinh[c x]]] +4Log[/1+c2x? ]
2

i {Ar‘csinh[c x] (41 +ArcSinh[cx]) +8iAr‘cTan[Tanh[lAr‘cSinh[c x]]]+
2
4Log[\/m}) Sinh[lArcsinh[cx]} ]/ (“W- (Cid-cdx) [ifrcfx]
2
N -

(bzfz\/i (~idecdx) +/-i (if+cfx) \[-df (1+c2x?)

+

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

1
Cosh| = ArcSinh[cx] | (GinAr‘cSinh[c x] + (6-61i) ArcSinh[cx]? +ArcSinh[cx]? +
2

12 (-i+2ArcSinh[cx]) Log[1-i e AresiMNiex]] _ 24§ rLog|[1 + efresinniex) | .

| 1 | 1 N
241ﬂLog[Cosh[;Ar‘cSmh[cx}H +121nLog[51n[Z (ﬂ+21Ar‘c51nh[cx])H) -

+

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |

24 Polylog |2, i e Aresinhiex] ]
2 2

(—67TAr‘cSinh[c x] - (6-61) ArcSinh[c x]?+ i ArcSinh[cx]? +12 (7 +2 i ArcSinh[cx])
. . 1

Log[1 - i e Aresinhlicx] ] 4 24 ;1 Log |1 + eAresinhlex] ] _ 24 51 Log[Cosh|[ = ArcSinh[cx] || -
2

|/

1 1
12 Log|[Sin[~ (7 +2 1 ArcSinh[c x])H] Sinh[;Ar‘cSinh[c x] |
4
(BCdZ\/—(—jd+cdx) (if+cfx) /1%
1
i Sinh[ = ArcSinh[cx] | ]+
2

(21’1b2f2\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1
Cosh| = ArcSinh[cx] | +
2

1
Cosh|[ = ArcSinh[c x] | (—GJTAI"CSinh[C x] -6 cxArcSinh[cx] + (6+6 1) ArcSinh[cx]?+
2

2i ArcSinh[cx]?+3+/1+c*x* (2+ArcSinh[cx]?) +12Log[1 - i e Aresinnlex]] .
24 i ArcSinh[cx] Log[1- i e Arsinlex] ]\ 24 5t Log |1 + efresinhiex] ]

1 . .1 . .
24 7t Log|[Cosh| = ArcSinh[cx] || - 12 Log[Sin| = (n+2i ArcSinh[cx])]]| +
2 4
i [—GJTAr‘cSinh[c x] -6 cxArcSinh[cx] - (6 -6 1) ArcSinh[c x]?+2 i ArcSinh[cx]? +

34/1+c®x* (2+ArcSinh[cx]?) +12Log[1- i e iMiexI] 4 24 4 ArcSinh [c x]

Log[1 - i e Aresimhlexl] 4 24 ;1 Log |1 + e"esinMlex] ] — 24 ;v Log|Cosh | 1 ArcSinh[cx] | ] -
2

1 1
12nLog[Sin[Z (7+2iArcSinh[cx])]] Sinh[gAr'cSinh[c x] |+
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. 1 1
24 Polylog|2, i e Aresinhiex]] (— i Cosh| = ArcSinh[c x] | + Sinh| = ArcSinh[c x] ]
2 2

[3cd2\/—(—jd+cdx) (if+cfx) J1+2x

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

)/

] :

(bzfz\/i (~idecdx) +/-i (if+cfx) \[-df (1+c2x?)

1 . s 1 .
Cosh[fAr‘cSmh[cx}] +1$1nh[7Ar‘c51nh[cx]] +

[96 Polylog[2, i e Aresinhicx]]
2 2

1
Sinh|[ = ArcSinh[cx]] (247rAr‘cSinh[c x] +48 c xArcSinh[cx] + (24 -24 i) ArcSinh[cx]? -
2

10 i ArcSinh[cx]?+31i+/1+c?x? (cx+81i (2+ArcSinh[cx]?)) -
3 i ArcSinh[c x] Cosh[2ArcSinh[cx]] - 48 mLog[1-i e Arimicx]] _96 j ArcSinh[c x]

Log[1 - i e Aresimhlexl] _ 96 ;1 Log |1 + "M X]] 1 96 ;1 Log | Cosh | 1 ArcSinh[cx] | ] +
2

48 Log[Sin| = (n+2 i ArcSinh[cx])]] +3 i ArcSinh[cx]2Sinh[2ArcSinh[cx]] | +

1
4
1
Cosh| = ArcSinh[cx] ] [3 \J1+c®x* (cx+8i (2+ArcSinh[cx]?)) -
2
3 ArcSinh[c x] Cosh[2 ArcSinh[cx]] -1 (247TAr‘cSinh[c x] +48 c x ArcSinh[c x] -

(24 +24 1) ArcSinh[cx]?-10 i ArcSinh[c x]? - 48 rLog[1 - i e Aresinnlex] ] —
96 i ArcSinh[c x] Log[1 - i e A"siMNlcx] | _ 96 st Log |1 + efresinhlex]]

1 . .1 . .
967rLog[Cosh[;Ar‘c51nh[c x]]] +487TLog[51n[Z (m+21iArcsinh[cx])]] +

))/

1 .
Cosh [ — ArcSinh[c x] } +
2

3 1 ArcSinh[c x]2Sinh[2 ArcSinh[c x] ]
(126d2\/7(fjd+cdx) (if+cfx) J1+c?x?
1
JiSinh[fAr‘cSinh[cx]} ]Jr
2

(abfz\/i (-id+cdx) \/—Ji (i f+cfx) \/—d-F(1+c2x2)

1
(7Sinh[—Ar'cSinh[c x] | (716]'m/1+c2 x? ArcSinh[c x] + Cosh[2 ArcSinh[cx]] +
2

1
2 (81‘1 cx+8iArcSinh[cx] +5ArcSinh[cx]?+16 i ArcTan|Tanh|[ = ArcSinh[cx] || +

2
8Log[/1+c2x? | -ArcSinh[cx] Sinh[2ArcSinh[cx]] ) +

1
Cosh| = ArcSinh[cx] ] [16 A/1+c2x® ArcSinh[cx] + 1 (Cosh[ZAr‘cSinh[c X171 +
2

1
2 (Sicx—SjAr‘cSinh[c x] +5ArcSinh[cx]? +16 i ArcTan|Tanh[ = ArcSinh[cx] || +
2

I/

8Log[y/1+c?x? | -ArcSinh[cx] Sinh[2ArcSinh[cx]]
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1
-1 Cosh| = ArcSinh[cx]] +
2

[4cd2\/—(—id+cdx) (ifrcfx) 1+
|

Problem 523: Result more than twice size of optimal antiderivative.

1
Sinh[ = ArcSinh[cx] |
2

(f-icfx)*? (a+bArcSinh[cx])?
J dx

(d+1‘1cdx)5/2

Optimal (type 4, 790 leaves, 25 steps):

21’1ab1‘5x(1+c2x2)5/2 21 b2f> (1+c2x2>3

(d+j1cdx)5/2 <F—icfx)5/2 _c (d+j1cdx>5/2 <'F—]i.C‘FX)5/2

21 b2 f5x (1+c2x?)*?ArcSinh[cx] 285 (1+c2x2)>'? (a+bArcSinh[cx])?

(d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (f-icfx)*?
if>(1+c? x2>3 (a+bArcsinh[c x})2 5f° (1+c2x2)5/2 (aerAr'cSinh[cx])3
. _
c(d+icdx)®? (f-icfx)*? 3bc(d+icdx)®? (f-icfx)®?

161 b2 £ (1+c2x?)*? Cot[Z + > i ArcSinh[cx] |

3¢ (d+]’1cdx)5/2 (F—J’lcfx)S/z

28 i f° <1+c2x2)5/2 <a+bAr‘cSinh[cx])2Cot[§+%J’lAr‘cSinh[c x] |

N
3¢ (d+icdx)5/2 (f—icfx)S/z

8bf° (1+c2x2)? (a+bArcSinh[cx]) Csc[f+§iAr‘cSinh[cx]}2

.
3c(d+icdx)>? (F-icfx)*?

41 f5 (1+c2x?)°? (a+bAr‘cSinh[cxj)2Cot[£+ler‘cSinh[cx}]
4 2

a 1 . 2
Csc|—+ — i ArcSinh[cx] |
4 2

112b f° (1+c? XZ)S/Z (a+bArcSinh[cx]) Log[1 + i eAresinhlcx]]

/(3c (d+icdx)®? (-F—Jic-Fx)S/z) .

+
3c(d+icdx)®? (F-icfx)*?

112 b2 5 (1 +c2 Xz) 5/2 PolyLog [2, _ i gArcsinh(cx] ]

3¢ (d+1‘1c:dx)5/2 (f—icfx)S/z

Result (type 4, 2622 leaves):

Jid(civex) Joif (ieex) (-E2E- 2SR st
c
5a2f5/2Log[cd-Fx+\/?\/?x/jd (-i+cx) \/—j-F(j1+cx) ]

.
CdS/Z

(jabfz\/i (~idecdx) [-i(if+cfx) \[-df (1+c2x)
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1 1 .
Cosh[g ArcSinh[c x] ] -1 Sinh[; ArcSinh[c x] }

ZAPcTan[Coth[lArcSinh[c x]|] -iLog[\J1+c2x? |

2

(4+3]‘1Ar‘csinh[c X] —6JiAr‘cTan[Coth[lAr‘cSinh[c x]]] +3Log[/1+c?x* |
2
2 (\/1+C2X2

2 (1’1 +ArcSinh[c x] +2Ar‘cTan[Coth[1Ar'cSinh[c x]|] +iLog[yJ1+c2x? |
2

]/[3cd3<i+cx)\/—(—id+cdx) (if+cfx)

|

(abfz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

3
(—J’L Cosh[f ArcSinh[c x] } [Ar‘csinh [cXx] -
2

1 .
+ Cosh[f ArcSinh[c x] ]
2

+

ArcSinh[c x] + 2 ArcTan [Coth[lAr'cSinh[c x]|] +1Log[+/1+c?x? }) +
2

1
Sinh[ = ArcSinh[cx] |
2

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh[; ArcSinh[cx] |
2

3
Cosh|[ = ArcSinh[cx] | ( (-14+3 i ArcSinh[cx] ) ArcSinh[c x] -
2

28 ArcTan [Tanh[lAr‘cSinh[c x]]] +14 1 Log[~/1+c?x? |

2

+

1 ) 1 .
Cosh[ = ArcSinh[c x] | [84 ArcTan|[Tanh| N ArcSinh[cx]]] -
2

i (8—61’1Ar‘csinh[cx} +9ArcSinh[cx]?+42Log[+/1+c?x? })J +

1
2 [4—4 i ArcSinh[c x] + 6 ArcSinh[c x]2 + 56 JiAr‘cTan[Tanh[fAr‘cSinh[c X] } ] +
2

28 Log[\/1+c2 x? | +\/1+c2 x> |ArcSinh[cx] (-14 1 +3ArcSinh[cx]) +
28JiAr‘cTan[Tanh[lAr‘cSinh[c x]]] +14Log[\/1+c2x? | ]
2
J/[Bcd3<i+cx)\/—(—id+cdx) (if+cfx)
4
]+

[ibzfz (i+cx) x/Ji (-id+cdx) \/—i (if+cfx) \/—df(1+c2x2)

1
Sinh[ = ArcSinh[cx] |
2

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

2ArcSinh[cx] (-2 i +ArcSinh[cx])
(-1+1i) ArcSinh[cx]? - +
-1+cCX

2 (;+21iArcSinh[cx]) Log[1- i e AsiMcxI] _j v |ArcSinh[c x] - 4 Log |1+ efresinhiexl]

1 . .l . .
4Log[Cosh[;Ar‘c51nh[c x]]] +2Log[51n[; (m+21iArcSinh[cx])]] ]| +
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. 4 ArcSinh[cx]2Sinh[ % ArcSinh[cx] |
4 Polylog|2, i eAresinhlex)] 2 Tt
(Cosh [ i ArcSinh[c x] ] +1 Sinh [ i ArcSinh[c x] ] )

/

2 (4+Arcsinh[cx]?) Sinh[iAr‘cSinh [cx]]

Cosh[%Ar‘cSinh[c x]] + iSinh[%Ar‘cSinh[c x] |
{3cd3\/—(—jd+cdx) (if+cfx) /1+2x

1 1 .
Cosh[g ArcSinh[c x] ] -1 Sinh[; ArcSinh[c x] }

3

[ibzfz (i+cx) \/Ji (-id+cdx) \/—i (if+cfx) \/—df(1+c2x2)

61 c xArcSinh[c x] (13 -13 J'l) ArcSinh[c x]? 3 ArcSinh[c x]3

+ + +

2ArcSinh[cx] (-21i +ArcSinh[cx])
(-i+cx) Vi+c?x?

131

-31i (2+ArcSinh[cx]?) +

1
V1+c?x?

T (Ar‘cSinh[c X] -4 Log |1+ ehresinhlexl] g Log[Cosh[lAr‘cSinh[c x]]] +
2

-2 (m+21iArcSinh[cx]) Log[1- i e Aresinhlex)]

2 Log[Sin[l (m+21iArcSinh[cx])]]| +41iPolylog|2, i e Aresinlcx]] ] +
4

4 ArcSinh[c x]2 Sinh| i ArcSinh[cx] |

A1+ c?x? (Cosh[iAr‘cSinh[c x]] +i Sinh[iAr‘cSinh[c X] ”3

2 (4+13ArcSinh[cx]?) Sinh[%Ar‘cSinh [cx]]

/

1 1
Cosh[g ArcSinh[c x] } -1 Sinh [ ; ArcSinh[c x] ]

V1+c?x? (Cosh[iAr'cSinh [cx] } +1 Sinh[iAr‘cSinh [cx] } )

[3cd3\/(jd+cdx) (i f+cfx)

3

[szfz (i+cx) x/Ji (-id+cdx) \/—i (if+cfx) \/—df(1+c2x2)

7 wArcSinh[cx] - (7+7 i) ArcSinh[c x]? - i ArcSinh[cx]> +

2ArcSinh[cx] (-21i +ArcSinh[cx])

-14 (7 +21iArcSinh[cx]) Log[1 - i e Aresinhlex]] _
l1+1icx

28 71 Log |1 + eAresinhiex] ], 28 st Log[Cosh | 1 ArcSinh[cx] || +
2



Mathematica 11.3 Integration Test Results for 7.1.4a (f x)~"m (d+c”~2 d x~2)"~p (a+b arcsinh(c x))”n.nb | 65

14 7t Log[Sin | 1 (m+2iArcSinh[cx])|] +28 i Polylog|2, i e resinhiex]]
4

4 i ArcSinh[c x]? Sinh[iAr‘cSinh [cx] }

+

(Cosh [ i ArcSinh[cx] ] + 1 Sinh] % ArcSinh[cx] | )3

/

2 (4+7ArcSinh[cx]?) Sinh[%Ar‘cSinh[c x] | ]

-1 Cosh[iAr'cSinh [cx] } +Sinh [ % ArcSinh[c x] }

[3cd3\/(jd+cdx) (if+cfx) 1+

1 1
Cosh| = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |

3

2 2

(jabfz\/i (~idscdx) +/-i (if+cfx) \[-df (1+c2x)

|

1 . e 1 .
Cosh[f ArcSinh[c x] ] -1 Slnh[* ArcSinh[c x] }

2 2

5 5
-3 Cosh[ = ArcSinh[cx] | +3 i ArcSinh[c x] Cosh| = ArcSinh[cx] | -
2 2

3
Cosh| = ArcSinh[cx] ] (9 +351 ArcSinh[c x] + 9 ArcSinh[c x]2 -
2

52 i ArcTan|Coth| 1 ArcSinh[cx] | ] +26 Log[+/1+c?x? |

2

+

1
Cosh| = ArcSinh[cx] ] [2@ - 241 ArcSinh[c x] + 27 ArcSinh[c x]? - 156 1
2

ArcTan|[Coth| 1 ArcSinh[cx] || + 78 Log[+/1+c*x? | ) +201 Sinh[l ArcSinh[cx] | -
2 2

1 1
24 ArcSinh[c x] Sinh[ = ArcSinh[cx] | +27 i ArcSinh[c x]2Sinh|[ = ArcSinh[cx] ] +
2 2

1 X Lol .
156 ArcTan [Coth | N ArcSinh[cx] || Sinh] N ArcSinh[cx] ] +

78 i Log[/1+c?x? | Sinh[lAr‘cSinh[c x] | +9]iSinh[iAr‘cSinh[c x] ]+
2 2

3 3
35 ArcSinh[cx] Sinh|[ = ArcSinh[cx] | +9 i ArcSinh[cx]?Sinh[ = ArcSinh[cx] | +
2 2

1 . .3 .
52 ArcTan|Coth | N ArcSinh[cx] || Sinh| N ArcSinh[cx] | +

26 i Log[+/1+c?x? | Sinh[EAr‘cSinh[c x]| -
2

5 5
3i Sinh|[ = ArcSinh[cx]] + 3 ArcSinh[c x] Sinh| = ArcSinh[cx] |
2 2

)/

[6cd3 (i+cx) \/—(—jd+cdx) (if+cfx)

1 1
Cosh| = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

|
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Problem 527: Result more than twice size of optimal antiderivative.

dx

J (a+bArcSinh[cx])?
Vd+icdx V/f-icfx
Optimal (type 3, 59 leaves, 2 steps):
V1+c2x? (a+bAr‘cSinh[cx})3

3bc/d+icdx Vf-1icfx

Result (type 3, 168 leaves):

ab+/1+c2x2 ArcSinh[cx]? b2+/1+c2x2 ArcSinh[cx]3
cVd+icdx Vf-icfx +3cx/d+j1cdx VF-icfx '
aZLog[cdfx+\/?\/?\/d+icdx VF-icfx]

cVd

Problem 530: Result more than twice size of optimal antiderivative.

(d+icdx)*? (a+bArcSinh[cx])?
J dx

(f-icfx)>?

Optimal (type 4, 972 leaves, 28 steps):
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81‘1abd4x<1+c2x2)3/2 81’1b2d4(1+c2x2)2

(d+]’1cdx)3/2 (-F—Jic-Fx)3/2 c (d+]lcdx>3/2 (F—J’lcfx)3/2

bzd“x(1+c2x2)2 b2 d4 (1+c2x2)3/2ArcSinh[cx}

4(d+icdx)”? (f-icfx)?? ac(d+icdx)®? (f-icfx)??
8ib2d*x (1+c2x?)*?ArcSinh[cx] bcd*x? (1+c2x?)*? (a+bArcSinh[cx])
(d+jcdx)3/2 (-F—jcfx)3/2 2 (d+]1cdx>3/2 (f—]’lcfx)3/2

8id* (1+c?x?) <a+bAr‘cSinh[cx])2 8d*x (1+c?x?) (a+bAr‘cSinh[cx})2
+
C (d+1’1cdx)3/2 (f—jcfx)3/2 (d+1‘1cdx)3/2 (-F—ch-Fx>3/2

+

8d* (1+c2x2>3/2 (a+bAr‘cSinh[cx]>2 41 d* <1+c2x2)2 (a+bAr‘cSinh[cx])2

c(d+1’1cdx)3/2(f—icfx)3/2 (d+1cdx3/ (f —Jic-Fx)3/2

)
d“x(1+c2x2>2(aerAr'cSinh[cx])2 5d4(1+c2x2) 2( +bArcSinh[c ])3
- +
2<d+j1cdx)3/2 (-F—Jic-Fx)3/2 2bc(d+1cdx)/ (f —chfx>3/2
[

321 bd* (1+c2 x2>3/2 (a + b ArcSinh[c x] ) Ar‘cTan[ Arcsinh CX]]

c(d+icdx)®? (f-icfx)??
16bd* (1+c? x2)3/2 (a+bArcSinh[cx]) Log |1 +e?Arcsinhicx] ]

c (d+]lcdx>3/2 (F—Jic-Fx)3/2

+

16 b2 d4 (1 4 c2 X2> 3/2 Polylog [2’ _ i eArcSinh[cx] }

c(d+icdx)>? (f-icfx)*?

16 b2 d* (1 +c2x?) 2 polylog|2, i efresinhicxI] g p2 g¢ (1+c2x?) *2 polyLog|2, - e2Arcsinhicx] |

c(d+1’1cdx)3/2 (-F—chfx>3/2 c(d+1’1cdx)3/2 (-F—ch-Fx)3/2
Result (type 4, 2143 leaves):
\/]'ld(7]'1+CX) \/—J'l'F(J'lJrCX) (74Jia2d2+a2cd2x+ 8a’d® )

£2 2f2 2 (i+cx) B
C
15a%d>2 Log[cd fx+/d VF \[id (-i+cx) [-if (i+cx] |
2 c f3/2 -

(4iabd2\/i<—id+cdx> Joi (ifecfx) [-df (1+2%2)
Cosh[%Ar‘cSinh[c x]] |-cx+2ArcSinh[cx] +\/1+c72x2Ar‘cSinh[c x] -
i ArcSinh[cx]? +4Ar‘cTan[Coth[2Ar‘c51nh[ }H—ZjLog[\/lJrcizxz]
[—J’lcx—ZJ'LAr‘cSinh[c x] +1i \/mm‘csinh[c x] +ArcSinh[cx]? +
41ArcTan[Coth[2Arcslnh[ ]H+2Log[m] slnh[zArcslnh[ ]])J/(CFZ
J-(Fidvcdx) (ifrcfx) \1ecix? )7

Cosh[ ArcSinh[c x] } -1 Sinh [ 1 ArcSinh[c x] ]
2 2
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(abdz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1 . 1 .
Cosh|[ = ArcSinh[c x] | (8 ArcTan [Tanh{; ArcSinh[cx] || +
2
i (Ar‘csinh[c x] (41 +ArcSinh[cx]) +4Log[+/1+c?x* | ] +
[Ar‘csinh [cx] (-41i+ArcSinh[cx]) -81 Ar‘cTan[Tanh[lAr‘cSinh[c x1]]+

2
4 Log[m}) Sinh[lAr‘cSinh[c x] |

A ]/(cfz\/—(—idJrcdx) (if+cfx)
Nrvver )-

[b2d2 (~i+cx) /i (~idscdx) \[-i(if+cfx) \[-df (1+c2x)

1 1
i Cosh| = ArcSinh[cx]]| +Sinh| = ArcSinh[cx]]
2 2

-18 wArcSinh[cx] - (6 -6 1) ArcSinh[c x]? + i ArcSinh[cx]> -

12 (n-2i ArcSinh[cx]) Log[1+ i e Aresinhlexl] 4 24 ;7 og[1 + eAresinhlex] |

1 1
mmLog|-Cos| — (/T+ 21 ArCS1INN[CX - mmLog | Cosh| —Arcsinnh|cX -
12 Log[-Cos|~ (m+2i ArcSinh[cx])|] - 24 7w Log[Cosh| = ArcSinh[c x] ] |
4 2

12 i ArcSinh[c x]2 Sinh [ i ArcSinh[c x] }

24 i POlyLOg [2, i e—Ar‘cSinh[c x] ] _

|/

Cosh[%Ar‘cSinh[c x] | —iSinh[%Ar‘cSinh[c x] |
[BCfZ\/—(—jd+cdx) (if+cfx) /1+2x?

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

:

{Zjbzdz (~i+cx) /i (~idrcdx) \[-i (if+cfx) \[-df (1+2x)

61 c x ArcSinh[c x] (6+6 i) ArcSinh[cx]? 2 ArcSinh[cx]3

+ + +
Vi+c2x? Vi+c2x? Vi+ca2x?
1 .
3i (2+ArcSinh[cx]?) + ————6i (2 (7-21iArcSinh[cx]) Log[1+ i e Aresinhicx]] .
V1+c?x?

7 (3Ar‘cSinh[c X] -4 Log[1 + etresinhiex] | —2Log[—Cos[l (7+2iArcSinh[cx])]] +
4

4 Log [Cosh [ 1 ArcSinh[c x] } ] ] +4 1 PolylLog [2J _j @ Arcsinhfcx] } ) _
2

/

1 . . 1 .
Cosh [ — ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]
2 2

12 ArcSinh[c x]2Sinh| % ArcSinh[cx] ]

A1+ c?x? (Cosh[%Ar‘cSinh [cx]] -1iSinh| % ArcSinh[cx] | )

[BCFZ\/(jd+cdx) (i f+cfx)

3
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b2d? (~i+cx)\[i(-id+cdx) ([ (ifscfx] [-df (1+2x?)

96 ¢ x ArcSinh[c x] (48 - 48 jl) ArcSinh[cx]? 201 ArcSinh[c x]3

+ +

48 (2 +ArcSinh[cx]?) +6 i cx (1+2ArcSinh[cx]?) -
6 1 ArcSinh[c x] Cosh[2 ArcSinh[c x] ] 1
+

48 (2 (m-2iArcSinh[cx]) Log[1+ i e Aresinhlexi]

b (3Ar‘cSinh[c x] -4 Log[1+efresimhiex]] _ 2 0g[-Cos |~ (m+2iArcSinh[cx])]] +

1
4

4 Log [Cosh [ 1 ArcSinh[c x] } ] ] +4 1 PolylLog [2J _ i @ Arcsinhfcx] } ) .
2

96 1 ArcSinh[c x]2 Sinh[iAr‘cSinh [cx] ] /
J)

A1+ c?x? (Cosh[%Ar‘cSinh [ex]] -1 Sinh[%Ar‘cSinh [cx]

1 . . 1 .
Cosh [ — ArcSinh[c x] ] +1 Slnh[* ArcSinh[c x] ]
2 2

|

[24cf2\/(jd+cdx> (i f+cfx)

(abdz\/j (~idecdx) [-i (if+cfx) [-df (1+c2x)

1
(Sinh[fAr'cSinh[c x] | (—16 \/1+c?x% ArcSinh[cx] + i Cosh[2ArcSinh[cx]] +
2

1

2 (8 cx+8ArcSinh[cx] +51 ArcSinh[cx]? + 16Ar‘cTan[Tanh[fAr‘cSinh[c X] H +
2

16 1 1/ 1+ c?x® ArcSinh[c x] + Cosh[2ArcSinh[cx]] -

1
2 (81‘1 c x -8 1 ArcSinh[c x] - 5ArcSinh[c x}z+16jAr‘cTan[Tanh[fAr‘cSinh[c X]H -
2

))/

Cosh [ 1 ArcSinh[c x] ] -
2

81ilog[+/1+c?x? | -1iArcSinh[cx] Sinh[2ArcSinh[cx]]

1
Cosh| 5 ArcSinh[cx]]

8Log[+/1+c?x? | +ArcSinh[cx] Sinh[2ArcSinh[cx] ]

(4cf2\/—(—jd+cdx) (if+cfx) J1+c?x?
|

Problem 534: Result more than twice size of optimal antiderivative.

. 1 .
1 Sinh [ — ArcSinh[c x] }
2

(a+bArcSinh[cx] )2
J( dx

d+j1cdx)3/2 (-F—Jic-Fx)3/2

Optimal (type 4, 224 leaves, 7 steps):
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X (1+c?x?) (aerAr‘cSinh[cx])2 (1+c2x2)3/2 (aerAr‘cSinh[cx])2
+

(d+]’1cdx)3/2 (-F—Jic-Fx)3/2 C (d+jcdx)3/2 (f—]’lcfx)3/2

2b (1+c? x2)3/2 (a+bArcsinh[cx]) Log[1 + e2Arcsinhicx] |

c (d+1‘1cdx)3/2 (f—icfx)3/2

b? (1+c?x?) 3/2polyLog[2, - e2Arcsinnicx] ]

c (d+]’1cdx)3/2 (-F—Jic-Fx)3/2

Result (type 4, 488 leaves):
1

cdf/d+icdx Vf-icfx

(azcx+2abchr‘cSinh[c x] =21 b%m/1+c?x? ArcSinh[c x] +b% c xArcSinh[cx]? -

b?/1+c2x? ArcSinh[cx]2+ib?/1+c?x? Log[l- i e Aresinhlex]] _
2b%+/1+c*x? ArcSinh[cx] Log[1l -1 e A"iMMicxl] _j b2 r+/1+c2x? Log[l+ i e Aresinhlex]]

2b%+/1+c*x? ArcSinh[cx] Log[1l+ i e ArimMicxl] 4 44 b2 r1/1+c? x? Log[1+ efresinhiex]]

ab/1+c2x? Log[1+c?x?] +ib2r~[1+c2x? Log[-Cos|
4jb2n\/m Log[Cosh[%Ar‘cSinh[c x]]] -

ibzn\m Log[Sin|
2b2mpolymg[2, - i gAresinhlex] ] +2b2mPolyLog[2, i @ Aresinhlex] ]

(7r+21'1Ar‘cSinh[cx])H -

I

(m+2iArcSinh[cx])]] +

» R

Problem 536: Result more than twice size of optimal antiderivative.

J(dﬂicdx)S/Z (a+bArcsinh[cx])?
(f-icfx)>?

dx

Optimal (type 4, 794 leaves, 25 steps):
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21'1abd5x(1+c2x2)5/2 21ib2d° (1+c2x2)3

(d+1‘1cdx)5/2 (f—]lcfx)S/z C (d+1‘1cdx)5/2 (-F—jcfx)S/z

2ib2d°x (1+c? X2>5/2APCSinh[C x] 28d° (1+c? XZ)S/Z (a+bArcsinh[cx] )2

(d+1‘1cdx)5/2 (f—icfx)S/z 3¢ (d+1’1cdx)5/2 (F—icfx)S/z

id® (1+c2x2>3 (a+bAr‘cSinh[cx1)2 5d5 (1+c2x2)5/2 (a+bAr‘cSinh[cx])3
+

+

C (d+1’1cdx)5/2 (-F—Jic-Fx)S/z 3bc (d+jcdx)5/2 (f—icfx)S/z

112bd® (1 +c? XZ)S/Z (a+bArcSinh[cx]) Log[1 + i e Arcsinhicx] |
3c(d+icdx)®? (f-icfx)®?

112 b2 d° (1 +c? Xz) 5/2 PolyLog [2, _ i e-ArcSinh[cx] }

+

3¢ (d+]1cdx)5/2 (F—J’lc-Fx)S/z

8bd° (1+c2x2)5/2 (a+bArcSinh[cx]) Sec[iJrijAr‘cSinh[cx]}2

+

3c (d+]lcdx)5/2 (f—]ic-Fx)S/z

161 b2 d° (1+c2x2)5/2Tan[i+ijAr‘cSinh[cx]}

+

3¢ (d+]’1cdx)5/2 (ffjcfx)S/z

281 d° (1+c2x2)°? <a+bAr‘cSinh[cx])2Tan[§+%iAr‘cSinh[c x] |

3c(d+icdx)®? (F-icfx)*?

(41’1d5 (1+c2x2)5/2 (aerAr‘cSinh[cx])ZSec[I+11‘1Ar‘csinh[cx}]2
4 2

1
Tan[ﬁ + — 1 ArcSinh[c x]}

3c(deicdx)®? (f-icfx)5?
2ty /(c<+1cx)(1cx))

Result (type 4, 2552 leaves):

Vid (Fivex) ([oif (ieox] (M55, AL el
c
5a2d5/2Log[cdfx+\H\F\/jd (-i+cx) \/71'L'F(J'1+CX> ]
C.FS/Z -

(iabdz\/i (-id+cdx) \/—Ji (if+cfx) \/—df<1+c2x2)

1 1
Cosh [ — ArcSinh[c x] ] + 1 Sinh [ — ArcSinh[c x] }
2 2

2 ArcTan [Co‘ch[1 ArcSinh[cx] || + 1 Log[+/1+c?x? |
2
(411 +3 ArcSinh[cx] —6Ar‘cTan[Coth[lArcSinh[c x]|] +31iLog[y/1+c?*x* |
2
2 [\/1+C2 x?

2 (1 +1 ArcSinh[c x] + 2 i ArcTan [Coth[lAr‘cSinh [cx] ]| +Log[+/1+c*x? |
2

3
- Cosh [ — ArcSinh[c x] ] [ArcSinh [cx] -
2

1 .
+ Cosh [ — ArcSinh[c x] ]
2

+

i ArcSinh[c x] + 2 1 ArcTan [Coth[lAr‘cSinh [cx]]] +Log[+/1+c*x? |
2

+
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1
Sinh| = ArcSinh[cx] |
2

]/[3cf3 (1+icx) /- (~idrcdx] (ifscfx)
1 1 4

Cosh[ = ArcSinh[cx] | - iSinh[;Ar‘cSinh[c x] | ] +

2

(abdz\/j (-id+cdx) \/—1'1 (i f+cfx) \/—d-F(1+c2x2)

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

3
Cosh| = ArcSinh[cx] | ((1411 - 3ArcSinh[cx]) ArcSinh[cx] +
2

28 i ArcTan|Tanh| 1 ArcSinh[cx]|] -14 Log[+/1+c*x* |

2

+

1
Cosh| = ArcSinh[cx] ] [8 +6 1 ArcSinh[c x] + 9 ArcSinh[c x]?% -
2

84 i ArcTan|Tanh | 1 ArcSinh[cx]|] +42Log[+/1+c* x|

2

1
21 [4 +4 1 ArcSinh[c x] + 6 ArcSinh[cx]? - 56 i ArcTan|Tanh| = ArcSinh[cx]]] +
2

28 Log[\/1+c2 x? | +\/1+c2 x> |ArcSinh[cx] (14 i +3ArcSinh[cx]) -
28iAr‘cTan[Tanh[lArcSinh[c x]]] +14 Log[/1+c?*x? | J

2

]/[3cf3 (1+icx) [~ (~idrcdx] (ifscfx)

]

[ibzdz (~ivex)fi(-idrcdx) [ (ifrcfx) \[-df (1+2x)

1
Sinh| = ArcSinh[cx] |
2

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh[; ArcSinh[cx] |
2

2ArcSinh[cx] (21 +ArcSinh[cx])

(-1-1i) ArcSinh[cx]? - -2 (7-21iArcSinh[cx])

i+CX

Log[l +1 e’A"CSi”h[“]] —ir (3 ArcSinh[cx] - 4 Log[1+ eAr‘Si”h[cx]} -

1 ) ) 1 .
2Log[—Cos{Z (m+21iArcsinh[cx])]] +4Log[Cosh{;Ar‘c51nh[c X]H] +
4 ArcSinh[cx]? Sinh[%Ar‘cSinh [cx]]

4 Polylog [2, _j @-Arcsinh[cx] } B )
(cosh[2 Arcsinh[cx]] - i Sinh[ 2 ArcSinhcx]] )

/

2 (4 +ArcSinh[cx]?) Sinh[iAr‘cSinh [cx] ]|

Cosh[%Ar‘cSinh [ex]] -1i Sinh[iAr‘cSinh [cx]]

{3cf3x/—(—j1d+cdx) (Jif+c-Fx) A/ 1+ c?x?
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3

ib®d® (-i+cx) \/1'1 (-id+cdx) \/—1'1 (if+cfx) \/—d-F (1+c*x?)

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh|[ = ArcSinh[cx] |
2 2

6 i cxArcSinh[cx] (13+131i) ArcSinh[cx]? 3 ArcSinh[cx]3

- + + +

2ArcSinh[cx] (21 +ArcSinh[cx])
(J'L+CX> V1 +c?x?

131 (2 (7-21iArcSinh[cx]) Log[1+ i e Aresinhiexl]

+31 (2+ArcSinh[cx]?) +

1
V1+c?x?
n (3Ar‘cSinh[c x] -4 Log[1 + etresinhlex] | —2Log[—Cos[1 (r+21iArcSinh[cx])]] +
4
4 Log|[Cosh| : ArcSinh[cx] ||| +4 i PolyLog[2, - i e Arcsinhicx] }) +
2

4 ArcSinh[c x]2 Sinh| % ArcSinh[cx] |

V1+c2x? (Cosh[iAr‘cSinh[c x]] -1 Sinh[%Ar‘cSinh[c x] | )3

2 (4+13ArcSinh[cx]?) Sinh[iAr‘cSinh [cx] ]

/

1 1
Cosh| = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

A1+ c?x? (Cosh[iAr‘cSinh [cx]] -isSinh| i ArcSinh[cx] | )

{3cf3\/(jd+cdx) (if+cfx)

3

2b%d?* (-i+cx) \/1'1 (-id+cdx) \/—1'1 (i f+cfx) \/—d-F (1+c2x?)

-21tArcSinh[cx] - (7-7 i) ArcSinh[cx]? + i ArcSinh[cx]? +

21 ArcSinh[cx] (21 +ArcSinh[cx])

- 14 (7-21iArcSinh[cx]) Log[1+ i e Aresinhlex]]
i+cx

28yt Log |1 + eAresinhlex] | +147TLog[—Cos[l (m+2iArcSinh[cx])]] -
4

28 7t Log|Cosh | 1 ArcSinh[cx] || - 28 i Polylog|2, - i e Aresinhlex)] _
2

2 (4+7ArcSinh[cx]?) Sinh[iAr‘cSinh [cx] ]|

.
Cosh[%Ar‘cSinh [ex]] -1 Sinh[iAr‘cSinh [cx]]

4 Arcsinh[cx]2Sinh[ 2 ArcSinh[cx] | }]/

(1'1 Cosh[%Ar‘cSinh[c x]] +Sinh[§Ar‘cSinh[c X] } )3
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{3cf3\/—(—jd+cdx) (Ji-F+c-Fx) A/ 1+ c?x?

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

!

(jabdz\/i (~idecdx) +/-i (if+cfx) \[-df (1+c2x)

1 1
Cosh [ — ArcSinh[c x] ] +1 Sinh [ — ArcSinh[c x] }
2 2

3
-Cosh [ — ArcSinh[c x] ] [9 - 351 ArcSinh[c x] + 9 ArcSinh[cx]?+
2

52 i ArcTan[Coth| 1 ArcSinh[cx]]] +26Log[~/1+c?x? |

2

1 .
+ Cosh [ — ArcSinh[c x] }
2

1
(20 +24 i ArcSinh[c x] + 27 ArcSinh[c x]2 + 156 i ArcTan [Coth [ — ArcSinh[c x] ] ] +
2

78 Log[+/1+c?x? |

1
2 (13 +7 1 ArcSinh[c x] + 18 ArcSinh[c x]% + 104 i ArcTan [Coth [ — ArcSinh[c x] } ] +
2

-1 (3 (-1 +ArcSinh[cx]) Cosh[EArcSinh[c x] |+
2

3i (i +ArcSinh[cx]) Cosh[2ArcSinh[cx]] +52 Log[\/lJrc2 x? | Jr\/1+c2 X2

1
[6 +38 i ArcSinh[c x] + 9 ArcSinh[c x]2 +52 i ArcTan |Coth[ = ArcSinh[cx] || +26
2

Log[+/1+c?x? | )J/[Gcf3(—j+cx)

; ; 1 . s 1 . 4
\/—<—1d+cdx> (i f+cfx) (Cosh[fAr‘cSmh[cx}] —151nh[7Ar‘c51nh[cx]]) )
2 2

1
Sinh[ = ArcSinh[cx] |
2

Problem 537: Result more than twice size of optimal antiderivative.

2

(d+1icdx)®? (a+bArcSinh[cx])
J dx

(f-icfx)>?

Optimal (type 4, 584 leaves, 21 steps):
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8d* (1+c2x?)*? (a+bArcSinh[cx])® d* (1+c2x?)*? (a+bArcSinh[cx])?
+ +

C (d+]’1cdx)5/2 (-F—Jic-Fx)S/2 3bc (d+1‘1cdx)5/2 (f—jcfx)S/z
32bd* (1+c2x2)5/2 (a+bArcSinh[cx]) Log[1 + i eArcsinhicx] |

c (d+j1cdx)5/2 (F—icfx)S/z

32 b2 g4 (1 +c2 X2> 5/2 Polylog [2, _j @ArcSinh[cx] ]

+

C (d+]’1cdx)5/2 (-F—Jic-Fx)S/2

4bd* (1+c2x2)5/2 (a+bArcSinh[cx]) Sec[erijAr'cSinh[cx]}2

N
C (d+]‘1cdx)5/2 (F—J’lc-Fx)S/z

81b2d* (1+c2x2)5/2Tan[§+%J’lAr‘cSinh[cx]]

+

c (d+icdx)5/2 (ffjcfx)S/z

8id* (1+c2x2)>? (a+bAr‘cSinh[cx1)2TanH+%iAr‘cSinh[cx}]

c(d+icdx)>? (f-icfx)*?

4

/(3c (d+icdx)>? (ffjcfx)s/z)

(Zjd“ (1+c2x2)5/2 (a+bAr‘cSinh[cx})ZSec[E+ ler‘cSinh[cx]]z
2

a1
Tan[f + — 1 ArcSinh[c x]}
4 2

Result (type 4, 1617 leaves):

\/]'ld(f]'LwLCX) \/7]'1f(]'l+CX> (Sfj?jajcd)()z73{:38:]'111)())
c
a2d3/2Log[cdfx+\/?\/?\/jd(7]'1+cx) \/71if(j+cx)]
c f5/2 -

(labd\/ 1d+cdx \/—i(jf+cfx) \/—d-F(1+c2x2)

+

Cosh [ ArcSinh[c x] ] + 1 Sinh [ 1 ArcSinh[c x] }
2 2

2ArcTan[Coth[1ArcSinh[c x]|] +iLog[yJ1+c2x? |

2
(41’1+3Ar‘cSinh[c X] 76ArcTan[Coth[£Ar‘cSinh[c x]|] +31iLog[/1+c*x* |

2
2 [\/1+C2 x? |1 ArcSinh[c x] +ZjArcTan[Coth[lAr‘cSinh[c x]|| +Log[y/1+c2x? |
2
2 (1+1’1Ar‘csinh[c X] +2iAr‘cTan[Coth[lAr‘cSinh[c x]|] +Log[y/1+c2x? ] )
2
]/[3cf3 (1+]‘1cx)\/—(—jd+cdx) (i f+cfx)
4
]+

(abd\/ ~idecdx) of-i (ifscfx) o[-df (142
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Problem 541: Result more than twice size of optimal antiderivative.
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Summary of Integration Test Results

541 integration problems

A - 473 optimal antiderivatives

B - 32 more than twice size of optimal antiderivatives
C - 25 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - 4integration timeouts



